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ABSTRACT. Let L m ' p (R n ) be the Sobolev space of functions with m th derivatives lying 
in L?(R n ). Assume that n < p < oo. For E c R n , let L m ' p (E) denote the space of re- 
strictions to E of functions in L m ' l: '(R Tl ). We show that there exists a bounded linear map 
T : L m 'P(E) -> L m -P(M n ) such that, for any f £ L m >P(E), we have Tf = f on E. We also give 
a formula for the order of magnitude of ||f||L m .p(E) f° r a given f : E — > R when E is finite. 



Contents 

1. Introduction Q 

2. Notation and Preliminaries [H 

3. Plan for the Proof LL6 

4. The Inductive Hypothesis |25 

5. The CZ Decomposition |31 

6. Paths to Keystone Cubes I |34 

7. Paths to Keystone Cubes II |46 

8. Representatives |50 

9. A Partition of Unity |53 

10. Local Extension Operators |57 

11. Extension Near the Keystone Cubes |59 

12. Estimates for Auxiliary Polynomials |63 

13. Estimates for Local Extensions |64 

14. The Jet of a Near Optimal Extension I |69 

15. A Constrained Problem 76 



The first author is partially supported by NSF and ONR grants DMS 09-01040 and N00014-08-1-0678. 

The second author is partially supported by an NSF postdoctoral fellowship, DMS-1103978. 

The third author is partially supported by NSF and ONR grants DMS 09-01040 and N00014-08-1-0678. 



2 CHARLES L. FEFFERMAN, ARIE ISRAEL, AND GARVING K. LULI 

16. The Jet of a Near Optimal Extension II [78 

17. The Extension Operator \82 

18. Proofs of the Main Theorems for Finite E [85 

19. Passage to Infinite E [88 
References 97 



1. Introduction 

Fix positive integers m, n and let f be a real-valued function defined on an (arbitrary) 
given subset E c M n . How can we tell whether f extends to a C m function F on the whole 
M n ? If such an F exists, then how small can we take its C m norm? What can we say about 
the derivatives 9 a F(x) at a given point x? Can we take F to depend linearly on f? 

Suppose E is finite. Can we compute an extension F whose C m norm has the least 
possible order of magnitude? How many computer operations does it take? 

The above questions were answered in (HI El EE HH SASHES, building on earlier work 
of H. Whitney, G. Glaeser, Y. Brudnyi, P. Shvartsman, E. Bierstone, P. Milman and W. 
Pawlucki EH3H[16H25H26H27ll. 

Now we want to address the analogous questions for Sobolev spaces in place of C m . 
Important first steps were taken by P. Shvartsman ll2~0ll2~Tll2~2|] and A. Israel |fT7fl; we discuss 
these papers later in the introduction. 

To state our results, we set up notation. We work in the Sobolev space X = L m ' p (M n ) 
(n < p < oo) with seminorm 

i/p 

|F|| x = max( |a a F(x)| p dx l 
or else in X = C m (IR n ) with norm 

||F||c m (R n ) = max sup |3 a F(x)|. 

M<m xg IRn 

Given E C IR n , we write X(E) for the space of restrictions to E of functions in X. The 
space X(E) has a natural seminorm 

||f|| x(E) = mf{||F|| x : F e X, F = f on E}. 
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When X = L m,p (R u ), our standing assumption n < p < oo guarantees by the Sobolev 
theorem that any F G X has continuous derivatives up to order (m — 1 ). Consequently, F 
may be restricted to E and our definition of X(F_) makes sense. 

When X = L m ' p (IR n ), then c, C, C etc. denote constants depending only on m, n,p. 
Similarly, when X = C m (IR n ), then c, C, C etc. denote constants depending only on m, n. 
These symbols may denote different constants in different occurrences. 

The simplest form of our results is as follows. Let X = L m ' p (IR n ) until further notice. 

Theorem 1 (Existence of Linear Extension Operators). Given E c M. n , there exists a linear 
map T: X(E) — > X such that 

Tf = fonE and ||Tf|| x < C||f|| x(E) for all feX(E). 

Theorem 2 (Computation of the norm). Suppose Ecl n is finite; let N = #(E) be the number 
of points in E. Then there exist linear functionals £,i , . . . , £,l : X(E) — > K, such that L < CN and 

L L 

c^|£, £ (f)l p <||f||J (E) <C^|£, e (f)P forall feX(E). 

£=1 «=1 

For finite E c M n , we can say more about the linear map T in Theorem [T] and the linear 
functionals £,i , . . . , £, L in Theorem|2]; they have "assisted bounded depth", a notion that we 
explain below. We expect that this will be useful when we look for algorithms analogous 
to those in EIlII- 

To motivate the idea of assisted bounded depth, let us compute the variance of N given 
real numbers Xi , . . . , Xn. Two standard formulas are 

1 N 

(Var 1) ct 2 = ^ Y- ~ x > ) 2 and 

W=1 

1 N 1 N 

(Var 2) ct 2 = — ^ (xt — x) 2 where x = — ^ Xj . 

i=i j=i 

Note that it takes ~ N 2 computer operations to apply formula (Var 1), but only ~ N oper- 
ations to apply (Var 2). By precomputing x, we save a lot of work. We will return later to 
the problem of computing a variance. 

Now we explain the notion of assisted bounded depth. Let E c K n be finite, and let 
N = #(E). Any linear functional w on the space X(E) can be written in the form 
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cu(f) = 2_ M*)fM> f° r coefficients A(x) independent of f. (1) 

x€E 

We write dp(cu) (the "depth" of tu) to denote the number of nonzero coefficients A(x). 
A collection of functionals O = {w-\ , . . . , ws} on X(E) will be said to be a set of "assists" 
provided we have 

s 

^dp(o> s ) < CN. 

s=l 

The significance of this condition is that for any given f G X(E), it takes at most CN 
computer operations to calculate all the values cui(f), . . ., u> s (f). The assists cu s (f) (s = 
1 , . . . , S) will play the role of the mean x from our earlier remarks on computing a vari- 
ance. 

Let O = {w-\ , . . . , tus}be a collection of assists for X(E). A linear functional £, : X(E) — > E 
is said to have "O-assisted bounded depth" if it can be expressed in the form 

s 

£.(f)=^A(y)f(y) + ^ s a> s (f), for all f 6 X(E), (2) 
yeE s=1 

where the A(y), \i s G R are independent of f, and at most C of the coefficients A(y), \i s are 
nonzero. 

Similarly, a linear map T : X(E) — > X is said to have O-assisted bounded depth if it can 
be expressed in the form 

s 

Tf(x) = ^A(x,y)f(u) +Y_ HsWws(f), for all f G X(E), x G M n ; (3) 
tjge s =i 

where A(x, y), yi s {x) G K are independent of f, and for each x G M n , at most C of the 
A(x,y), |^ s ( x ) are nonzero. 

An operator or functional is said to have "bounded depth" if it has O-assisted bounded 
depth with O equal to the empty set (no assists). See |[TTIH8| . 

We will prove the following result. 

Theorem 3. Suppose E c W 1 is finite. Then there exist assists CI = {cui, . . . , cu s } such that 
the operator T in Theorem^, and the functionals £,i, . . ., E,i in Theorem^ can be taken to have 
Cl-assisted bounded depth. 
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If an oracle told us the coefficients in ([T]) for the assists u>i, . . . , uj s , and in ^ for the 
operator T in Theorems [T] and |3] , then we could efficiently compute Tf for any given f e 
X(E). We could first precompute the assists u>i (f), . . . , tu s (f) using at most CN computer 
operations by applying (Q}. After that we could compute Tf (x) at any given point xGl n 
using at most C operations, by applying ©. 

Similarly if an oracle told us the coefficients in (jl]) for the assists a>i , . . . , cus, and in (0) 
for the functionals £,],..., £, L in Theorems |2] and |3] , then we could compute the order of 
magnitude of ||f ||x(E) f° r any given f by first computing the assists tUi (f), . . . , cu s (f) and 
then computing £,1 (f), . . . , £, L (f ) in Theorems |2] and |3] . This would require at most CN 
computer operations. 

We hope that the coefficients arising in our formula for the assists cui, . . . , cus and the 
functionals £,1 , . . . , £, L can be computed using at most CN log N operations; and that after 
one-time work CN log N we can compute the coefficients relevant to Tf (x) at a given query 
point x using at most C log N operations. This would provide an efficient algorithm for 
interpolation of data in the Sobolev space X = L m ' p (IR n ) (n < p < 00), analogous to the 
algorithms in Fefferman-Klartag USED f or C m (M n ). 

Let us compare our present results to what we know about C m (M n ). Switching over to 
X = C m (M n ), we recall the following results llT0llT2l|T4l 

Theorem 4. For any E c IR n , there exists a linear map T : X(E) — > X, such that 

Tf = fonE and ||Tf|| x < C||f|| x(E) for all f e X(E). 

Moreover, ifE is finite, then T has bounded depth. 

Theorem 5. Let Ecl n be finite, and letN = #(E). 

Then there exist subsets Si, . . . , S K C E, with K < CN, and with #(S k ) < Cfor each k, such 
that 

||f||xtE] < C ■ max ||(f| s J|| x(Sk) for all f e X(E). 

1 <k<K 

Corollary 1. Let E c M n be finite, and let N = #(E). Then there exist linear functionals 
£,1 , . . . , £,l : X(E) — > R, such that L < CN, each £, { has bounded depth, and 

c • max |£, £ (f)| < ||f|| xfE1 < C • max |£, £ (f)| for all f e X(E). 

1<{<L ~ " " ( l ~ 1<f<L J 

For the rest of the introduction, we again take X = L m,p (IR n ) (n < p < 00). Motivated 
by Theorems HI [5] and Corollary 1, one might wonder whether we can dispense with the 



6 CHARLES L. FEFFERMAN, ARIE ISRAEL, AND GARVING K. LULI 

assists in Theorem [3] , and take T, £,],..., £, L to have bounded depth. An optimist might 
even conjecture that ||f ||^ (E) is comparable to £l«=i A«- 1| (f|s f )|lxrs ) ^ or su bsets Si, . . . , Sl C E 
and coefficients Ai , . . . , A L independent of f, with L < CN and #(Sf ) < C for each I. 

In fact, a counterexample fl3l shows that the extension operator T in Theorem [3] cannot 
be taken to have bounded depth. On the other hand, the remarkable work of Batson- 
Spielman-Srivastava (H on "sparsification" gives hope that bounded-depth £/s may ex- 
ist. We illustrate the result of [1] by returning to the computation of the variance of real 
numbers Xi, . . . ,x N . 

Given e > 0, there exist coefficients Ai , . . . , A L > and integers li, . . . , 1l, ji, . . . , ji G 
{1 , . . . , N} such that L < C(e)N, and such that the variance of Xi , . . . , x N differs by at most 
a factor of (1 + e) from 

L 

^A £ (x if -x jf ) 2 , 

for any real numbers xi , . . . , x N . Here, C(e) depends only on e. Thus, one can compute 
a variance to within, say, a one percent error by using O(N) functionals without assists. 
This is merely a special case of |H. See also Il23ll24|| . 

Dealing with sums of p th powers (p > 2) is more difficult than dealing with sums of 
squares. We don't know whether sparsification applies to our problems, or whether the 
functionals £,i , . . . , £, L in Theorems |2] and |3] can be taken to have bounded depth. 

Theorems 1,2,3 deal with the homogeneous Sobolev space L m ' p (R n ). It is easy to pass 
from these results to analogous theorems for the inhomogeneous Sobolev space W m,p (R n ); 
see section [TH 

So far, we have looked for functions F G L m ' p (R n ) that agree perfectly with a given 
f : E — > R. More generally, we can look for functions F that agree approximately with a 
given f. To do so (for E finite), we specify a weight function \i : E — > (0, oo) along with 
our usual f : E -> R. We then look for F G L m '?(R n ) and M > such that 

Y_ M-W|F(x) - f(x)| p < M v and ||F|| L m >lW < M, 

xGE 

with M having the smallest possible order of magnitude. 

We believe that Theorems 1,2,3, and the algorithms to which (we hope) they give rise, 
can be extended to solve this more general problem. Analogous results for C m (R n ) are 
given in MM MM- 
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Let us sketch the proof of Theorem [T] for the case of finite sets E. The general case 
(infinite E) follows by taking a Banach limit, and the proofs of Theorems |2] and |3] arise by 
examining carefully our proof of Theorem Q]. We will oversimplify the discussion, so that 
the spirit of the ideas comes through. 

We first set up a bit more notation. We will write Q, Q', etc. to denote cubes in W 1 (with 
sides parallel to the coordinate axes). We write 6q to denote the sidelength of the cube Q. 
For any real number A > 0, we write AQ to denote the cube having the same center as Q, 
and having sidelength A ■ 5q. If F is a C m 1 function on a neighborhood of a point x G M. n , 
then we write J X (F) (the "jet" of F at x) to denote the (m — 1 ) rst degree Taylor polynomial 
of F at x. Thus, J X (F) belongs to V, the vector space of real (m— 1 ) rst degree polynomials 
on R n ("jets"). 

Next, we introduce a local variant of the problem addressed by Theorem [1] . Suppose 
we are given the following data: 

• A cube Q. 

• A finite set E c 3Q. 

• A function f : E — > R. 

• A point x G E. 

• AjetP G V. 

The local interpolation problem LIP(Q,E, f, x, P) is the problem of finding a function 
F G X(3Q), such that 

F = fonE, J X (F) = P, (4) 

and 

||F||x(3Q) is as small as possible, up to a factor C. (5) 

To prove Theorem[T], we will solve an arbitrary local interpolation problem LIP(Q, E, f , x, P) 
in such a way that the interpolant F depends linearly on the data (f , P) for fixed Q, E, x. 

Once we give such a linear solution, then Theorem[T]for finite E follows easily by taking 
Q to be a large enough cube containing E. 

We will measure the difficulty of a local interpolation problem by assigning to it a "la- 
bel" A. Here, A is any subset of the set M. of all multi-indices oc = (cti , . . . , cx n ) of order 
|<x| = <xH h <x n < m — 1 . Labels A come with a (total) order relation <. Roughly speak- 
ing, whenever A < A', a local interpolation problem that carries the label A is easier than 
one that carries the label A'. In our ordering, the empty set is maximal, and the set Ai 
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is minimal. Accordingly, labels the hardest interpolation problems, and M. labels the 
easiest problems. 

To assign a label A to a local interpolation problem, we introduce the convex set 

a(x,E)={J x (F):FeX, ||F|| X <1, F = on E} c V. (6) 

This set is clearly relevant to the problem of finding F G X such that F = f on E; it measures 
our freedom of action in assigning J X (F) for such an interpolant. 

Roughly speaking, a local interpolation problem LIP(Q, E, f, x, P) carries a label A C M 
if for each ct E A, the monomial 

PJy) = S£ Hahn/p (u - x)« belongs to cr(x, E). (7) 

(Recall that 5 Q is the sidelength of Q, and that X = L m 'P(M n ).) 

Thus, we have defined the notion of a local interpolation problem that carries a given 
label A. We list a few relevant properties of labels. 

(8) Any problem that carries a label A also carries the label A' for any A' C A. If 
A' C A, then A < A', where < is the order relation used to rate the difficulty of a 
local interpolation problem. 

(9) Every local interpolation problem carries the label 0, since we then make no re- 
quirement that any monomial P a belongs to cr(x, E). 

(10) On the other hand, a local interpolation problem carries the label Ai only when E 
is the empty set. 

(11) The assignment of a label to LIP(Q, E, f , x, P) depends only on (Q, E, x); the func- 
tion f and the jet P play no role. 

For each label A, we will prove the following 

MAIN LEMMA FOR A: Any local interpolation problem LIP(Q, E, f,x, P) that carries 
the label A has a solution F that depends linearly on the data (f , P). 

In particular, the MAIN LEMMA FOR .4 = tells us that every local interpolation 
problem admits a solution F depending linearly on the data (f , P). (See ©.) Consequently, 
the proof of Theorem CD reduces to the task of proving the MAIN LEMMA for every label 
A. We proceed by induction on A, with respect to the order <. 

In the BASE CASE, we take A = M, the smallest possible label under <. The MAIN 
LEMMA FOR M holds trivially. For any local interpolation problem LIP(Q, E, f, x, P) 
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with label Ai, we simply take our interpolant to be F = P. We have F = f on E vacuously, 
since E is empty; and ||F|| X = 0. (See ((T0|) .) 

For the INDUCTION STEP, we fix a label A ^ M, and make the following inductive 
assumption: 

The MAIN LEMMA FOR A' holds for all A' < A. (12) 
Under this assumption we will prove the MAIN LEMMA FOR A. 
Thus, let 

LIP° = LIP(Q°, E°, f°, x°, P°) be a local interpolation problem 

that carries the label A. (13) 

Our task is to find an interpolant F £ X(3Q°) that solves the interpolation problem LIP° 
and depends linearly on the data (f°, P°). To do so, we proceed in several steps, as follows. 

STEP 1: We partition 3Q° into "Calderon-Zygmund" subcubes Q v (v = 1, . . . , v max ). 
Each Q y is such that E v := E n 3Q V is non-empty. We pick a point x y £ E v for each v. 

STEP 2: For each v, we pick a jet P v/ depending linearly on the data (f°, P°). We then set 
fv := f Ie v / and consider the local interpolation problem 

LIP v = LIP(Q v ,E v ,f v ,x v ,P v ). (14) 

STEP 3: The partition of 3Q° into Calderon-Zygmund cubes Q v has been defined to 
guarantee that each local interpolation problem LIP V carries a label A' < A (except in the 
trivial case in which E v contains at most one point). Hence, by our inductive assumption 
((12)), we can solve each problem LIP V , obtaining an interpolant F v £ X(3Q V ) that depends 
linearly on (f v , P v ). Since also f v and P v depend linearly on (f°, P°) (see STEP 2), it follows 
that each F v depends linearly on (f°, P°). 

STEP 4: We introduce a partition of unity 

1 = 2^ 6v on 3Q°, with each 9 V supported in 3Q V . 

V 

Using that partition of unity, we patch together the local interpolants F v into a single 
interpolant F, by taking 

F = Y_ 9vTv 
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Thus, we obtain a function F e X(3Q°) that satisfies F = f ° on F°, and J x o(F) = P°. It 
remains to show that the seminorm of F in X(3Q°) is as small as possible up to a factor C. 

This has a chance only if the jets P y in STEP 2 are carefully picked to be mutually consis- 
tent. Arranging this consistency is the hardest part of our proof, and the main difference 
between our arguments here and those in ||8l[9l[T0l[ll]] for C m (M n ) interpolation. 

To assign the jets P v in STEP 2 and achieve their needed mutual consistency, we first 
pick out from among the Calderon-Zygmund cubes Q v the subcollection of keystone cubes. 
A given Q v is a keystone cube if every Q Y / that meets 1 00 Q v is at least as big as Q v . 

We carry out STEP 2 by first assigning jets V y to the keystone cubes. Each keystone 
cube may be treated separately, without worrying about mutual consistency. For any 
Calderon-Zygmund cube Q v other than a keystone cube, we carefully select a nearby 
keystone cube Q K ( V ), and then simply set 

J\ = Pk(v) - , the right-hand side has already been defined. 

The above procedure associates jets P v to all the Calderon Zygmund cubes Q v , in such a 
way that the required mutual consistency is guaranteed. 

This concludes our sketch of the proof of Theorem [TJ We again warn the reader that it is 
oversimplified. Even the notation and definitions in the subsequent sections differ from 
those presented in the introduction. 

Throughout this paper, we study F m ' p (IR n ) only for n < p < oo. It would be natural to 
investigate the more general case ^ < p < oo, since then any F G F m ' p (IR n ) is continuous, 
and may therefore be restricted to an arbitrary subset F c M n . 

We briefly review the earlier work on Sobolev extensions. The first breakthrough was 
the discovery by P. Shvartsman [|20| that Theorem CD for the Sobolev space L 1 ' p (IR Tl ) (i.e., 



m = 1) holds with T given by the classical proof of the Whitney extension theorem |j25f . 
Shvartsman gave a formula ||20| for the order of magnitude of the seminorm ||f ||x(E) when 
X = L 1>p QR n ) and F c R n is arbitrary (possibly infinite). See also [21J. The proof of 
Theorem [TJ for the Sobolev space F m ' p (R) (i.e., n = 1 ) was given by G.K. Luli ||T9l when 
E c lis finite and by P. Shvartsman fl21| in the general case. 

The next significant progress was the proof by A. Israel of Theorems [TJ and |2] for the 
case X = L 2 - P (M 2 ) (with the bound L < CN 2 in place of L < CN in Theorem See |T7|. 
The proof in fl7| makes explicit use of the keystone cubes. 
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Our main technical achievement here is to combine the ideas used previously for inter- 
polation problems with labels, and those used to exploit keystone cubes. In particular, we 
have to dispense with the convex sets called P(x, M) in [14111511 ; these sets played a crucial 
role in our earlier analysis of C m (M n ). 

P. Shvartsman has lectured at several workshops on results and ideas that appear closely 
related to ours. He is now writing up his results, and we look forward to studying them; 
see also Q22|. It would be interesting to study the relationship between our keystone cubes 
and the "important" cubes from | j22j |. 
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2. Notation and Preliminaries 

2.1. Notation. Fix integers m, n > 1 and a real number p > n. Unless we say otherwise, 
constants written c, c', C, C, etc. depend only on m, n, and p. They are called "universal" 
constants. The lower case letters denote small (universal) constants while the upper case 
letters denote large (universal) constants. 

For non-negative quantities A, B, we write A ~ B, A < B, or A > B to indicate (respec- 
tively) that cB < A < CB, A < CB, or A > cB. 

This paper is divided into sections. The label (p.q) refers to formula (q) in section p. 
Within section p, we abbreviate (p.q) to (q). 

A cube Q c R n is any subset of the form: 

Q ={a}+ (-6,5] n (QGr,6>0). 

The sidelength of Q is denoted Sq = 26, while the center of Q is the point a. For A > let 
AQ denote the cube having the same center as Q but with sidelength ASq. A dyadic cube 
Q C M n is any cube of the form: 

Q = a 1 .2 k > a 1 +1).2 k ]x(j 2 -2 k ,(j 2 +l)-2 k ]x--.x(j n -2 k ,(j n +l)-2 k ] (j b j 2 , . . j m lc e Z). 
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To bisect a cube Q C R n is to partition it into 2 n disjoint subcubes of sidelength jbq. These 
subcubes are called the children of Q. If Q C Q' are dyadic cubes we say that Q' is an 
ancestor of Q. Every dyadic cube Q has a smallest ancestor called its parent, which we 
denote by Q + . 

We use the following notation: 

M := Moo = max{|x! |, . . . , |x n |} (x = fa , . . . , xj G R n ); 

distfa CI) := inf{|x - u| : u G Q} (Qcf.xG R n ); 

dist(0',a) := inf{|x — y| : x G CI', y G CI] {CI, CI' c R n ); 

B(a, R) := (x G K n : distfa CI) < R} (Qc R n , R > 0); and 

diam(S) := max{|x — y| : x,u G S} (Scl n finite). 

The analogous objects defined with respect to the Euclidean norm |x| 2 = [\x-\\ 2 + ■ ■ ■ + 
|x n | 2 ) 1/2 are denoted by dist 2 (x, CI), dist 2 (0', CI), B 2 (0, R) and diam 2 (S). 

We write M, for the collection of all multi-indices <x of order | a| < ra — 1 . If a and (3 are 
multi-indices, then 6 a p denotes the Kronecker delta. 

If F is a C m 1 function on a neighborhood of a point u G M n , then we write ] y {f) (the 
"jet" of F at y) for the (ra — 1 ) rst degree Taylor polynomial of F at y. 



Let U c t n be a domain. The homogeneous Sobolev space L m ' p (U) consists j of all 
functions F : U — > R with finite seminorm 

, Vp 

|F|| L m,p( U) := max 



|a|=m 



|3 a F(x)Pdx 

u 



Similarly, the inhomogenous Sobolev space W m ' p (U) consists of all functions with finite 
norm 



|F||w m .p(u) : — max 

a|<m 



VP 

3 a F(x)| p dx' 

u 



For < s < 1, the homogeneous Holder space C m 1,S (U) consists of all functions F : U 
R with finite seminorm 

nun f |3*F(x)-3"F(ij)| 

l|r|lcm-i, s(u) := max < : : x,y G U, |<x| = m — 1 



1 Here, the derivatives 3 a F are defined as distributions. Strictly speaking, F G L m ' p is defined only up to 
a set of measure zero. Under our assumption n < p < oo, the Sobolev theorem allows us to regard any 

F 6 L m,p as a function in C[^ c 1,1 n ^ p . For a discussion of these technicalities, see Q. 
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Likewise, the inhomogeneous Holder space C m_1 ' s (U) consists of all functions with finite 
norm 

F C m-i, s(U ] := max < : : : x, y G U, |<x| = m— 1 

I |x-y| s 



+ max{|9 a F(x)| : x G U, |a|<m— 1}. 



Let V denote the space of real-valued (m — 1 ) rst degree polynomials on IR n . Then V is 
a vector space of dimension D := dim('P). For each x G IR n , the multiplication X on V is 
defined by 

P0xQ:=Jx(P-Q) (P.Qen 

Given a finite subset E' C IR n , the space of Whitney fields on E' is denoted 

Wh-(E') := { (P x W : P x G V for all x G E'}. 

For every function F that is C m 1 on a neighborhood of E', we define the Whitney field 
Je' (P) := (Jx(F))xeE' e Wh(E') (the "jet" of F on E'). 
Given an arbitrary subset Ecl n and a finite subset E' C M n , we define the trace space 

L m ' p (E;E') := |(f,P) : P G Wh(E'), f : E — > M, 3 F G L m ' p (R n ) with F| E = f and J E ,(F) = p} . 

This space comes equipped with the natural seminorm 

||(f,P)||im>p(E;E') := inf{||F||L™.p(R^] : F|e = f and J E #(F) = P}. 

If E' is empty, then L m,p (E; E') is simply L m ' p (E), and we take P = 0. Similarly, if E is empty, 
then L m ' p (E; E') = Wh(E') (equipped with the obvious seminorm), and we take f = 0. For 
z G R n , we often write L m,p (E; z) in place of L m ' p (E; {z}) . 

A function F G L m - p (R n ) is called an extension of (f, P) G L m - P (E; E') if 

F = f onE and J E /(F) = P. 
By a near optimal extension of (f , P), we mean an extension that satisfies 

||F|| L m,p(Rn) < C|| (f, P) ||l^-p(E;E') for some universal constant C. 
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An extension operator is a linear map T : L m ' p (E;E') — > L m ' p (R n ), such that T(f, P) is an 
extension of (f , P) for every (f , P) G L m ' p (E; E'). We say that T is bounded if 

||T|| :=SUp|||T(f,P)|| L m,p (R n) : ||(f, P)|| L ™.P(E;E') < l| < C. 

Let A be a linear map from L m ' p (E;E') into either V = R or V = V. The depth. o/A 
(denoted by dp(A)) is the smallest non-negative integer d, such that there exist points 
x-| , . . . , x,. G E and yi , . . . ,u s G E' with r + s = d, multi-indices cti, . . . , cx s G M. and 
elements Vi , . . . , v d G V, such that 

A(f, P) = f (xi ) • V! + • • • + f (xr) • v r + 3 ai P yi fa ) • v T+1 + ■ ■ • + 3 as P ys (y s ) ■ v T+s 

for all (f,P) G L m ' p (E;E'). 
We now introduce the notion of "assisted bounded depth" linear maps on L m ' p (E; E'). 

Definition 1. Let V = R or V = V. Given a collection oj linear junctionals CI C [L m ' p (E)]* 
and an integer d > 0, we say that a linear map A : L m ' p (E; E') — > V has Cl-assisted depth d zf 
f/zere exzsi u>i , . . . , cu d G II, elements Vi , . . . , v d G V and a linear map A : L m ' p (E; E') — > V wz'f/i 
rfp(A) < d, such that 

A(f,P) =0)^^ -V! + --- + cu d (f) -v d + A(f,P) /oraZZ (f,P) G L m ' p (E;E'). 

Let LL c R n be a domain. We say that a linear map T : L m ' p (E; E') — > L m,p (U) Zzas Cl-assisted 
depth d z/ f/ze Zz'near map 

(f, P) G L m ' p (E; E') i — > J x (T(f, P))6P /zas Cl-assisted depth d, /or all x G U. 

Jf T (resp. A) /zas Cl-assisted depth dfor some constant d z7za£ depends only on m, n and p, f/zen 
we say f/M T (resp. A) has Cl-assisted bounded depth. 

For a finite subset E c R n and E' empty, we have introduced the notion of an O-assisted 
bounded depth map T : L m ' p (E) — > L m ' p (U) above and also in the introduction. It is not 
very difficult to see that these definitions are equivalent; we leave this as an exercise for 
the reader. 

Let E c R n and x G R n . Then we define 

ct(x, E) = {P G V : 3 4) G L m ' p (R n ) with J x <t> = P, cj)| E = 0, and H^Him^iin] < 1 } . 
Thus, cr(x, E) is a centrally-symmetric (P G P ==> — P G P ) convex subset of V. 
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2.2. Preliminaries. For each x £ M n , 6 > 0, we define a norm on "P by 

|P k§ := ( 21 |3 a P(x)| p 6 n+(|ahm)p y /P (Pe?). (1) 

|a|<m-1 

For x' £ M n , we have the Taylor expansion 

3«P(x) = Y" l3 a+Y P(x') ■ (x - x') T (|a| < m - 1 ). 

Z y ! 

M<m— 1— |a| 

Thus, the norms defined in satisfy the inequality 

|P| X)6 < C'|P| X *, 6 (x,x' £ R n ,|x-x'| < C5). (2) 

We will consider the following result in several settings. 
The Sobolev Inequality for U: For every F £ L m ' p (U), we have 

|3 a (J y F-F)(x)| < C- \ x -y\ m - M - n/v ■ ||F|| L m, P(u) (yell, |a|<m-1). (3) 

For the appropriate class of domains U, the constant C in © will be universal. The usual 
proof of the Sobolev Inequality for U = M n establishes (0 when U is any cube Q C W 1 . By 
applying a linear transformation, we obtain ((3]) also when U is an axis-parallel rectangular 
box that is non-degenerate (i.e., whose sidelengths differ at most by a universal constant 
factor). 

Finally, we consider the case when U = Ri U R2 is the union of two such rectangular 
boxes; we assume that Ri and R2 have an interior point in common. Take x, y £ U and 
fix some function F £ L m ' p (U). If x and y lie in the same box Ri then © follows from the 
Sobolev Inequality for R^. Thus, we may assume that x and y lie in different boxes. Let 
z £ Ri n R2 be any point that satisfies 

|x — z\ < \x — y\ and \y — z\ < |x — y\. 

(Here, we exploit the axis-parallel structure of Ri and R2.) For any oc with |a| < m — 1, 
since |a| + n/p — ra < 0, we have 

|9 a (J,F- J x F)(z)| ■ |x-y| |a|+n/p - m < |3 a (J y F- J z F)(z)| • \y - z \ M+n/ ^ m 

+ |3 a (J x F-J z F)(z)|-|x-z| |a|+n/p - m , 

which is bounded by C'||F|| L m,p (RlUR2 ), thanks to the Sobolev Inequality for R^ (i = 1,2). 
Inserting this inequality on the right-hand side of (0, where we have set P = J y F — J X F, 
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5 = |x — y | and x' = z, we obtain ©. This completes the proof of the Sobolev Inequality 
for U = Ri U R 2 . 

3. PLAN FOR THE PROOF 

Let E c IR n (finite) and z 6 K n be given. Our main goal is to prove the following 
theorem. 

Extension Theorem for (E, z). There exist a linear map T : L m,p (E;z) — > L m ' p (R n ), a map 
7VL : L m ' p (E;z) — > K + and a collection of linear Junctionals CI c [L m ' p (E)]*, that satisfy the 
following properties: 

(El) T is an extension operator. 

(E2) |Kf,P)|| L ™,P(E;z) < ||T(f,P)|| L m,T.(Rn ) < C" || (f , P) ||lm-P(E;z) , fl«rf 

(E3) CT 1 ■ M(f,P) < ||T(f,P)|| L m,p (R n) < C- M(f,P), for each (f,P) e L m ' p (E;z). 

(E4) ^dp(iv) <C-#(E). 

o>ea 

(E5) T has Cl-assisted bounded depth. 

(E6) There exists a collection of linear functionals E C [L m ' p (E;z)]% such that 

(a) each functional in E has Cl-assisted bounded depth, 

(b) #(E) < C#(E), and 

(c) M(f,P) = (jj£,(f,P)l p j ybreacfc (f,P) E L m ' p (E;z). 
Here, C depends only on m, n and p. 

Theorem [T] (for finite E) and Theorems |2H3] follow easily from the above extension the- 
orem. (See section |T8l) 

3.1. Order Relation on Labels. To prove the Extension Theorem for (E, z) we proceed by 
induction on the "shape" of the convex subsets cr(x, E) c V, where x ranges over E. The 
shape of a single convex subset <r c V will be defined in terms of a label A C Ai. We use 
the following order relation on labels. 
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Definition 2. Given distinct elements <x = (oti, . . . , a n ), |3 = (|3i, . . . , |3 n ) G M, let k G 
{0, . . . , n} be maximal subject to the condition cq 7^ 2~Ii=i (3i. We write a < (3 if 

k k 

Y_ at < ^ pi. 

i=1 i=1 

Gz'cen distinct labels A, A C .M, zt>e ztrzte .4 < zf f/ze minimal element of the symmetric 
difference AAA (under the order < on elements) lies in A. 

The next lemma is immediate from the definition. 
Lemma 3.1. The following properties hold: 

• If<x,fieM and |a| < ||3| then a < |3. 

• If AQ Ad M then A< A. In particular, the empty set is maximal and the whole set M. 
is minimal under the order on labels. 

3.2. Polynomial Bases. In this section, we define the notion of a labeled basis for a sym- 
metric convex subset cr c V. 

Definition 3. Given A C M, x G R n , e > and 8 > 0, we say that (P a ) aG ^ C V forms an 
{A, x, e, 8)-basisfor a if 

(Bl)P a ee - 8 n/ ? +M - m ■ a, for oceA; 

[B2) 3 p P a (x) = 6 aP , for a, |3 G A; and 

(B3) |3 p P«(x)| < e • 6 |aHPI , JvroceA, (3 6 wz'f/i (3 > a. 

Remark 1. 37ze aboue definition is monotone in the parameters (e, 5) z'n the following sense: 
Suppose that (P a ) aS ^/oras an (^4,x, e, 8)-basisfor some convex subset a c V. If e' > e and 
< 8' < 8 then (P a ) ae ^/orms an (*4, x > e '> 8')-basisfor a. 

3.3. The Main Lemma. Fix a collection of multi-indices A C M.. We prove the following 
by induction with respect to the label A. 

Main Lemma for A. There exists a constant e = e{A), depending only on A, m, n and p, suc/z 
z7za£ the following holds. Let EcR n and z6l n satisfy 2 < #(E U {z}) < 00, and assume that 

cr(x, E) contains an [A, x, e, 8^ z )-basis for every x G E, 

w/zere 6 E ,z := 10 • diam{E U {z}). (1) 
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Then the Extension Theorem for (E, z) holds. 

Note that condition (d) in the Main Lemma for holds vacuously. Thus the Main 
Lemma for A = implies the Extension Theorem for (E,z), whenever #(E U {z}) > 2. 
The Extension Theorem for (E, z] is obvious when #(EU {z}) < 1 (e.g., see Lemma I3T21 in 
the next section). Thus we have reduced the proof of the Extension Theorem for (E, z) to 
the task of proving the Main Lemma for A, for each A C Ai. 

We proceed by induction and establish the following. 

Base Case: The Main Lemma for Ai holds. 

Induction Step: Let A C M with A ^ Ai. Suppose that the Main Lemma for A' holds for 
each A' < A. Then the Main Lemma for A holds. 

To prove the Main Lemma for Ai, we define e[Ai ) = 1 and take <x = (3 = in (B2) from 
the definition of [Ai , x, 1 , 6)-basis. Thus, for x 6 E, we have (x) = 1 . On the other hand, 
from (Bl) we have Pq(x) = 0. This contradiction shows that E is empty, hence we cannot 
have #(E U {z}) > 2. Consequently, the Main Lemma for Ai holds vacuously. 



3.4. Small Extension Problems. 

Lemma 3.2. Suppose that #(E U {z}) < 2. Then the Extension Theorem for (E, z) holds. 

Proof. If E is empty then the Extension Theorem for (E, z) holds with (T, M, O, E) defined 
by 

T(P) = P and M(P) = for each P G?; CI = and E = 0. 

Suppose that E is non-empty. Since the Extension Theorem for (E,z) is equivalent to 
the Extension Theorem for (E \ {z}, z), it suffices to assume that E = {x} for some x e M n 
and that z e W 1 \ E. 

Fix data f : E = {x} — > M and P G V. Define the polynomial Re? that satisfies 

R(x) = f (x); and 3 a R(x) = 3 a P(x) for all a e Ai \ {0}. (2) 
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(Note that R is determined uniquely and linearly from (f, P).) Take a cutoff function e 
C°°(M n ) that satisfies 

is supported on B(x, A/2), where A := |z — x|/2; (3) 
= 1 in a neighborhood of x; and (4) 
|3 a 0| < C|z - x| Ha| when |a| < ra. (5) 



(Note that necessarily vanishes in a neighborhood of the point z.) Define the linear map 

T: L m >P(E;z) ^L m >P(M n )by 

T(f,P) = P + 9(R-P), for each (f,P). 

Then (O, ((3]) and dU imply that T is an extension operator, i.e., that (El) holds. 

Since T(f, P) agrees with an (m — 1 ) rst degree polynomial outside of B(x, |z — x|/2), the 
Leibniz rule and (0 show that 

wmvwUvw = iiT(f,p) 11^(3(^/2), < £ i9 a (p-R)(x)r ■ |z-xp +(|a| - m) * 

a|<m 

I |P(x) -f(x)| p ■ |z-x| n - m P. (6) 

From the Sobolev inequality, we have 

|P(x) - f(x)| p ■ |z-x| n - mp < C ■ ||F||[ m , p(Rn) , for every F G L m - p (M n ) that satisfies 

F(x) = f (x) and J Z (F) = P. (7) 

Taking the infimum with respect to F in (0, yields 

|P(x) -f(x)P • |z-x| n -^ < C ■ ||(f,P)||[ m , p(E;z) . 
Since T is an extension operator, the definition of the trace seminorm shows that 

|| (f, P)||l_ m .P(E;z) < ||T(f, P)||L m .P(R n )- 

The last two inequalities and © suffice to prove (E2). If we define M(f, P) = |P(x) — f (x)| • 
|z — x| n / p_m then the same inequalities establish (E3). Finally, (E4), (E5) and (E6) follow 
easily by taking Q = and E = {£, : f,(f, P) = [P(x) - f [%)] ■ |z - x|p~ m }. This concludes 
the proof of Lemma [3721 ■ 



3.5. Technical Lemmas. In this section we present two technical lemmas used in our 
proof of the Induction Step; their proofs involve nothing but the most elementary linear 
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algebra, though they are a bit involved (the reader may wish to omit the proofs of Lem- 
mas [33] and [3T4] on first reading). Recall that D stands for the dimension of the space of 
polynomials V. 

Lemma 3.3. There exist universal constants Ci £ (0, 1 ) and Ci > 1 so that the following holds. 
Suppose we are given the following data: 

• Real numbers ei £ (0, Ci] and e 2 £ (0, e 2D+2 ]. 

• A lengthscale 6 > 0. 

• A collection of multi-indices A C M. 

• Two finite subsets ^ Ei C E 2 C IR n , zpz£/i diam[Y. 2 ) < 105. 

• A family of polynomials (P£) a e.4 that form an [A, x, e 2 , b)-basis for cr(x,Ei), /or eac/z 
x £ E 2r and satisfy 

max{|9 p P*(x)|S IPHa| : x £ E 2 , a £ A (3 £ M} > e^ -1 . (8) 
Then there exists A < A so that a(x, Ei ) contains an [A, x, Ci ■ ei , 8)-basisfor every x £ E 2 . 

Proof By rescaling it suffices to assume that 6 = 1. Let Ci be a sufficiently small constant, 
to be determined later. Our hypothesis tells us that ei < Ci, e 2 < e 2D+2 and that (P*)ae.4 
forms an (A, x, e 2 , 1 )-basis for cr(x, Ei ), for each x £ E 2 . That is, 

P^£ e 2 -a(x,Ei); (9) 
d^?l(x) = 6 aP (a, |3 £ A); and (10) 

|3 p P«MI<e 2 (cc£ A, (3 £ M y |3 > a). (11) 

For each a £ A, we define Z K = max ||9 p P^(x)| : x £ E 2 , (3 £ M |. Then hypothesis © is 
equivalent to max{Z a : a £ A) > e^ D_1 . Let a £ A be the minimal index with Z„ > e^ 0-1 • 
Thus, 

Z K < e^ D_1 , for all <x £ A with a < a, (12) 
and there exist x £ E 2 and (3 £ M with 



e 



-D-1 

i 



<Z«=|3^P|°(xo)|. (13) 



Thus, (|T0|) and CD} imply that (3 7^ cx and |3 < a, respectively. Therefore, |3 < a*. By 



definition of Z^, we also have 

|3 p P|(y)| < |9 po P^°(x )|, for all y £ E 2 and e M. (14) 
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Let the elements of M. between |3 and a be ordered as follows: 

|3 < |3i < ■ ■ ■ < |3 k = a. 

Note that k + 1 < #M = D. Define 

a i = |3^°(x )|, fori = 0,...,k. 

Then, p0~1) and (|T3|) imply that a k = 1 and a > ef 0-1 ■ Choose r G {0, . . . , k} with a r ef r = 
max{aief l : < 1 < k}. Note that ao > ef 0-1 > a k ef k which implies r ^ k. Moreover, we 
have 

a r > efao and a r > ej ] cu for i = r + 1 , . . . , k. (15) 
Define (3 = |3 r G M. Then, ([T5j> states that 

|3 F P^(x )|>e°|3 Po P^(xo)|> er 1 . (16) 
Also, (HH) and (HU) imply that 

|3 p P^°(xo)| < e 2 < 1 < ei |9^ o (x )| (|3 G M, |3 > a). 
Meanwhile, f or (3 < (3 < a, CE3) implies that |9 P P^° (x ) | < e^d^l (x ) |. Thus, we have 



|3 p P^°(x )| < e^Pp^xo)! ((3 G M, (3 > (3). 

By tfl6]) we have la^P* (x ) | > 1 . Hence, CEO]) and CU} imply that 

(3 < cc and (3 ^ A 
Define = P* /3Pp*° (x ), which satisfies 

P 

P*° G e 2 ■ cr(x , E, ), thanks to ® and |3 F P> (x ) | > 1 ; 

P 

|3 p P^ (x )| < e! ((3 G M, (3 > (3), thanks to CLZ|>; 
|9 p P*°(xo)| < e^ D ((3 G .M), thanks to CH} and (©; and 

P 

app>(x ) = i. 



(17) 

(18) 

(19) 
(20) 
(21) 
(22) 



p"o. 
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By ((Til), there exists cp^ G L m 'P(M n ) with 

cpp| El = 0; and 

|| (pp- ||L m >P(R n ) < El- 
Fix an arbitrary point ij e E2 and define P|. := } y cp^-. Then (|24 ) - ((2"5) and the definition of 
a(-, •) imply that 

(26) 



(23) 
(24) 
(25) 



P|g e 2 -a(-y,E 1 ; 



Since P|- = J y (p p> we have 



|3 p Pj(y)-5 p p|<|aP(pp(i,)-aPpj»(y)| 

1 



(27) 



+ 



y! 



3 p+Y Py(xo)-(y-x r-6 p p 



(|3gM] 



M<m-1-|p| 

Since xo,y E E2 and diam(E2) < 105 = 10 we have |xq — y| < 10. Therefore, the first term 
on the right-hand side of (|27|) is bounded by C|| cp^- ||i_™.p(R n ); this uses ((23)) and the Sobolev 
inequality (|2|3|) . In turn this is bounded by Ce2, thanks to ((25) . If (3 > (3 then (3 + y > (3 
for each multi-index y with |y| < m — 1 — |(3|. In this case (|20|) and |x — y| < 10 imply 
that the second term on the right-hand side of (|27) is controlled by Cei. If |3 = (3 then ((22)) 
implies that the second term from ((27) equals 

£ laP^P»?(xo)-(y-xor 

0<|Y|<m-l-||3| ^' 

which is bounded by Cei, again by ((20) and |x — y | < 10. Thus we have argued that 

(PeM, P>3). (28) 



|3 p Pj(y) 



%l < Ce, 



Finally, if (3 G .M then ((2T) and |x — y | < 10 imply that the second term on the right-hand 
side of (|27) is controlled by Ce^ . Therefore, 



|9 p Pf(y)l<|3 p P|(y)-5pp| + 1 

< Ce! + Ce^ D + 1 < C'e^ D 



(29) 



Define ^4 = {aG^t:a<|3}U {(3}. Then CL8J) implies that the minimal element of AAA 
is |3. Thus, we have ^4 < A. For each a G A \ {(3), we have a < (3; hence, (fLS)) implies that 
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<x < <x. Thus, (|12|) and the definition of Z a imply that 



|3 p P y Jy)l < e] 



D-l 



>e„4\{|3}, &eM). 



(30) 



Define 

ye.A\® 

Notice that A \ {]3} C .4; thus ([10) implies that 



3 a P|(u) = 3 a P|(y) - £ 3^P|(u)5 ay = (aG^\M). 



P V » J Z__ p' 

Also, p6|) , (|29|) and ® imply that 

PjG (e2 + Ce7 D e 2 )-a(u,E 1 ) C Ce^ D e 2 ■ a(u, Ei). 

Since |3 is the maximal element of A, it follows that for any |3 > |3 and any y e *4\{(3}, we 
have (3 > y. Thus, (HU), (O and CCD) imply that 



|3 p P|(u)-6 p p|<C(e 1 + e7 D e 2 ) 



Finally, ([29) and CP imply that 



\d*?l(y)\ < Ce 



-2D-1 



(MM (3>|3). 



(mm 



(31) 



Recall that e 2 < and ei < Ci. We now fix Ci to be a small universal constant, so 
that dSU) yields 9 F P^(u ) G [1 /2, 2]. We then define P^ = P^ /aM (y ). The above four lines 

P P P P 

give that 



P|eCe7 D e 2 -a(u,E 1 ); 



|3 p Pf Cy)l < C(e, + er D e 2 ) ((3 e M, (3 > 0); and 



|9 p P|(u)| < Ce 



-2D-1 
1 



2) 

(|3GM). 



(32) 
(33) 
(34) 
(35) 



3 p (P y J(u) 



For each cc e A \ {(3} we define P^ = P^ 
l&fil) [y )l < £ 2 < 1, thanks to (HI]). From ® and (32), we now obtain 



P^-. Note that a < (3, and hence 

P 



(36) 
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From ([TT]) and (|35l> , we have 



3 p (P y J(y) < 9 p TO(y) + 3 p TO(y) ■ 3 p (Pf)(y) 



< e 2 + e 2 • Cer 20 - 1 



< C'e7 2D - 1 e 2 (|3 G.M, (3 > a). 



(37) 



Recall that A = {a G .A : a < (3} U {(3}. From ([TUj) and ((331), we have 



[3 p (PH)(y) 
6 aP (pel). 



5 aP for (3 G ^4, (3 < (3 
= for (3 = (3 



(38) 



By now varying the point y G E 2 , we deduce from (|32]) - (|34l) and (|36)) - ((38"1) that <r(y , Et ) 
contains an (.4.,y,C ■ [ei + e^ 20-1 e 2 ], 1 )-basis for each y G E 2 . Since e 2 < e 2D+2 , the 
conclusion of Lemma [33] is immediate. ■ 



Definition 4 (Near-triangular matrices). Let S > l,e G (0,1) and A d M be given. A matrix 
B = (B a |3) a) p e _4 is called (S, e) near-triangular if 

|B a p — 6 a(3 | < e (a, (3 e i, a < (3); and 
|B aP |<S [otyfreA). 

Lemma 3.4. Given R > 1, f/zere exzsf constants c 2 > 0, C 2 > 1 depending only on R, m, n, so 
f/ia£ the following holds. Suppose we are given e 2 G (0, c 2 ], x e M n , a symmetric convex subset 
(TCP and a family of polynomials (P a ) ae .A C "P, suc/i that 

P K G e 2 ■ a (a G .A); (39a) 

|9 p P a (x) -5 K p| < e 2 (a G A, (3 G X, (3 > a); and (39b) 
|3 p P a (x)|<R (aei,PeM). (39c) 

TTzen fere exists a (C 2 , C 2 e 2 ) near-triangular matrix B = (B^)^^, so that 

P a :=^B aP P p (oceA) (40) 
[3e.4 

forms an {A,x, C 2 e 2 , ])-basisfor cr. Furthermore, |3 p P a (x)| < C 2 /or ecery otG i ant/ euery 
(3 G M. 
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Proof. Let c 2 G (0,1) and C 2 > 1 be constants depending only on R, m and n, that will be 
determined later. Define the matrix D by setting D a p = S^P^x) for all a, (3 G A. From 
(|39b|) and (|39c|) it is immediate that D is (R, £2) near-triangular. Since £2 < c 2 , by fixing a 
small enough constant C2 determined by R, m, n, we can ensure that D is invertible and 
that B := D _1 = (B a p) ai p g ^ is (C, C'ei) near-triangular, for some constant C determined 
by R, m, n. 



For each oc G A we define P a as in (|40|) . Since cr is a symmetric convex set, from |B 



a (3 



< 



C and (|39a|) we deduce that 

P a GC"e 2 -cT, where C" = C"(R,m,n). 

Since B = D -1 , we have 



3 Y P«(x) = Y_ B K pD PY = 6 KY (y G .A). 



Finally, for each y G Ai with y > oc, we write 



|3 Y P a (x)| < 



^B aP 3 Y Pp(x: 



|3G^ 
(3<a 



^B aP 9^Pp(x] 



(3>a 



From (|39b|) , (|39c|) and the fact that B is (C, C'ez) near-triangular, it follows that each sum- 
mand is dominated by C • R • Hence, 

|3 y P a MI < ^£2 (y G M, y > oc), where £ = C(R, ra, n). 

Taking a large enough constant C2 determined by R, ra, n, we have shown that (P a )ae^ 
forms an (^4, x, C262, 1 )-basis for a. Finally, (|39c|) and |B a(3 | < C imply the last conclusion 
of the lemma. ■ 



4. The Inductive Hypothesis 

Let A C .M. Here, we start on the proof of the Induction Step. We make the inductive 
assumption that the Main Lemma for A' holds for each A' < A. Put 

e = min{e(^') : A' < A}, 

with e{A') as in the Main Lemma for A'. From the remark in section l3~2l we have: 
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(IH) Let A < A. Let E C R n and zei n satisfy 2 < #(E U {£}) < oo, and assume that 

a(x, E) contains an (A y x, eo, 5| £ )-basis for every x G E, (1) 
where 5?- = 10 ■ diam(E U {£}). 

Then the Extension Theorem for (E,z) holds. 

Let us start on the proof of the Main Lemma for A. The value of the universal constant 
e[A) is determined later in the paper. We now assume that e = e(^4) is less than a small 
enough universal constant (the "small e assumption"). 

Fix EcK n and z£l n with 2<#(EU {z}) < oo, and such that condition COT]) from the 
Main Lemma for A holds. By rescaling and translating E and {z}, we can arrange that 

5 E , Z := 10 • diam(E U {z}) = 1 and 

E U {z} C ] -Q° where Q° := (0, l] n . (2) 
8 

(Note that Q° is a dyadic cube as per our notation.) 

Suppose that there exists A < A such that cr(x, E) contains an (.A, x, e , 1 )-basis for every 
x G E. Then the Extension Theorem for (E, z) holds in view of (IH). Having reached the 
conclusion of the Main Lemma for A in this case, we now assume that 

for every A < A, there exists x G E, 

such that cr(x, E) does not contain an [A, x, e , 1 )-basis. (3) 

If #(E) < 1 then the Extension Theorem for (E, z) holds (see Lemma |3~2|) . Thus, we may 
assume that 

> 2. (4) 

The assumptions ©-(BO on (E, z) will remain in place until the end of section [181 when 
we prove Theorem [T] for finite E, and establish Theorems |2l|3l 

4.1. Auxiliary Polynomials. Placing 6e ;z = 1 into condition (|3I1[) from the Main Lemma 
for A, we obtain (P£) ae .4 that forms an (.4, x, e, 1 )-basis for a(x, E), for every x G E. The 
goal of this subsection is to exhibit a similar basis for cr(x, E) at every other point x G Q°. 

As a consequence of (O, we will show that 

|9 p P^(x)|<C (xg E, cxg A, (3 G M). (5) 
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To prove ©, we fix a universal constant e-\ < min{ci, e /Ci}, where Ci and Ci are the 
constants from Lemma I3.3I For the sake of contradiction, suppose that (0 fails to hold 
withC = e^ -1 : 

max{|3 p P*(x)| : x G E, a G A, |3 G M} > eJ D ~\ (6) 
We may assume that e < e] D+2 . Then the hypotheses of Lemma l33l hold with parameters 

^e], e 2 , 6,^4, E b E 2 , (Pa)ae^,xeE 2 j := (ei, e, 1, .4, E, E, [V^)oceA,xe^j • 

(Here, the left-hand side denotes the local parameters of Lemma 13.31 and the right-hand 
side is defined as in the paragraph above. Notice that diam(E) < 1 and E ^ follow from 
(0 and (|4j), respectively.) Thus we find A < A so that cr(x, E) contains an [A, x, Ci ei , 1 )- 
basis for each x G E. Since Ci ei < eo, this contradicts (0, which concludes our proof of 
©• 

Fix x G E and a G A. Since P*° G e • a(x , E), there exists cp a G L m ' p (IR rL ) with 

cp a = on E; (7) 
J X0 (cp a )=C; and (8) 

||tPa||L m .P(R n ) < e. (9) 

In view of © and (B2),(B3) from the definition of (P*°) a e.4 being an [A, x , e, 1 )-basis, we 
have 

|3 p cp a (x )| = |3 p P* (x )| < C for |3 G M; (10) 
3>Jx )=3 a P>(x ) = 1; and (11) 

|3 p+Y cpJx )| = |3 p+Y C(x )| < e for |3 ><x, |y| < m - 1 - |(3|, and 

for (3 = a, < |y| < m - 1 - |p| (12) 
(since in either case we have (3 + y > a) . 

For each x G Q°, define P* = J x (cp a ). Then and (0 yield 

P*Ge-a(x,E). (13) 
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For each |3 G M, by the Sobolev inequality (notice that |x — x| < diam(Q°) = 1 ), we have 
= K<P«M < |3 p Jxo(«Pa)(x) - S«p| + |3 P [J X0 ((p a ) - (PcJ (x)| 

<| Y_ -^3P + >Jxo)(x-x r-6 a p 



-V! 

M<m-l-|p| 



+ II (PallLm.Pt 



Thus, (0) r ([TT>,(IT2l) show that 

|3 p P*(x)-S aP | < Ce (peA*,p>a), (14) 
while (|9),(|T0l) imply that 

|3 P P>)| < |3 p P*(x)-5 aP | + 1 <C + e + l (PeM). (15) 

It follows from g5).fiifr.fi5) that <3l39ab , d3l395b , d3l39ct hold for (P*) ae ^ with R equal to 
a universal constant, £2 = Ce and a = cr(x, E). We may assume that Ce < c-2, with the 
constant C2 as in Lemma 13.41 We have verified the hypotheses of Lemma |3.4t hence for 
each x G Q° there exists a (C, Ce) near-triangular matrix A x = {A^) a ^ eA , such that 

K ■= Y. A «P ■ Jx(<Pp) satisfies: 

fi<=A 

(P*) aG .4 is an (.4, x, C'e, 1 )-basis for cr(x, E), and (16) 
|3 P P«M| < C, for every (3 G M. 

That is, 

P* G Ce ■ a(x, E) (x G Q°, a G .4); (17a) 

3 p P«W=6 K p (x G Q°, a, |3 G .4); (17b) 

|3 p P*(x)| < Ce (x G Q°, aG A (3 G M, (3 > a); and (17c) 

|3 p P*(x)| < C (x G Q°, a G 4, (3 G M). (17d) 

Here and elsewhere, 3 p P*(x) denotes the value of 3Pp*(y ) at y = x, not the (3 th derivative 
of the function x 1— > P* (x). 

4.2. Reduction to Monotonic .4. The notion of monotonic labels played a key role in the 
study of C m extension problems. It continues to be crucial for us here. 

Definition 5 (Monotonic labels). A collection of multi-indices A C Mis monotonic if 

oc g A and \y\ < m — 1 — | cxj a + y G A. 
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If the above property fails, we say that A is non-monotonic. 
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In this section we deduce the monotonicity of A using assumption © and condition 
(|3|1|) from the Main Lemma for A. 

We proceed by contradiction and assume that A is non-monotonic. In this setting, we 
prove 

© There exists A < A so that cr(x, E) contains an [A, x, eo, 1 )-basis for each x G E. 

This contradicts ©; thus, our proof of the Induction Step will be reduced to the case of 
monotonic A. 

In order to construct A, we exploit the non-monotonicity of A and choose ao G A and 
y G M with 

< |y| < m— 1 — | oco| and a := cxo + y G M\A. (18) 

We then define A = A U {a}. Note that the minimal (only) element of AAA is a, which is 
a member of A. Hence, A < A by definition of the order. Also, note that ao < a. 

For each y G Q°, we have defined {P^) a eA that satisfy ((16)) — (|17d|) . For each y G E, we 
now define 

Pi = K &y q y > where q"(x) := ^-y) y . (19) 
Expanding out this product, we have 

P ^W = # L ^3^ o (u)(x-u)^. 

cu|<m— 1— |y| 

Note that cu = a arises in the sum above, thanks to (p~8]> . Also, the terms with uj + y > 
a = ao + y correspond precisely to cu > ao, by definition of the order. The following 
properties are now immediate. 

3*P£(y ) - 1 , thanks to ffTTbl with a = (3 = a . (20a) 
|3 p Pf (y)| < C'e ((3 G M, (3 > a), thanks to (H7c|) with a = a . (20b) 
|9 p P*(y)l < C ((3 G M), thanks to ffT7d|1 . (20c) 

Next, we establish that 

P£eC'e-ff(y,E). (20d) 
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From (|17a|) (with ot = <Xo), we find a function cp £ L m ' p (IR n ) with 

(p = on E; 
J y (cp)=P^; and 

II ( p||L m .p(iR n ) < Ce. 



(21) 
(22) 
(23) 



Consider x £ Q° and (3 £ .M with (3 > oto- Since x and y belong to the unit cube Q°, we 
have |x — y\ < 6q° = 1 . Thus, (|22)> and the Sobolev inequality yield 

|3P<p(x)| < |3Ppy o (x)| + |3P(p(x) - 3 P P^MI < |3 p P^ (x)| + CUcpUxm^ 

= | L ^3^ ao (u)(x-ur 

|y|<m-l-||3| y ' 

Note that |3 > a =^ (3+y>a . Thus, <pVc]> . (l23|) imply that 

|3 p (p(x)| < Ce (x£ Q°, (3 £ M,& > ot ). 



C||(p| 



L m .P(R n l 



Choose a cutoff function 9 e Cg°(Q°) with 

= 1 in a neighborhood of E, and 
|3 a 0| < 1 when |a| < m. 

(This cutoff exists in view of ([2]).) Define 

$ = P| + 0(q>-P|). 
Since y £ E, by (|21).(|22l,((25Tl, we have 

h<P = ?l>®y<\ v = p l and $Ie = 0. 



(24) 

(25) 
(26) 



(27) 



Because is compactly supported on Q°, the function $ agrees with an (ra — 1 ) rst degree 
polynomial outside supp(0) C Q°. Also, since the m th order derivatives of P|- £ V vanish, 
we find that 



||(p||L m .P(IR n ) = || (p||l_ m .P(Q°) = ||0 ' (q V <P — P„:) lk m .P(Q° 

Thus, by (|26l> and the Sobolev inequality, we have 



ED El 



|0- [q y (p-] y [q y (p])\\v^v(Qo 



I$IIl^.p(r^) < Y- ll 9<x (q y( p — J y [q y tp])lkp(Q°) < l|q y (p|k-,p(Q°). (28) 

|a|<m 
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Consider x G Q° and some multi-index |3 with ||3| = m. Since q y is a polynomial of 
degree |y|, we have 



3P[q"<p](x)= T_ -^—d w qHx)d w '<p(x)= V 3- q v W 3-'cp(x). (29) 

* — fplfpM * — rplfp'l 



|3! 



cu+o)'=|3 



CUIUJ ! 



u>+cu'=|3 
|ai|<M 



cu!a> ! 



If cu + cu' = (3 and |cu| < |y| then \w'\ > |(3| — |y| = ra — |y|. Thus, from (|18|) , we have 
|cu'| > |oco|. By definition of the order on M., either [cu = and cu' = (3] or [cu' G .M and 
cu' > <xo]. Using either || q y ||l°°(q°) < C (see the definition of q v in ([19])) or (|24)) to bound 
the corresponding summand from (|29|) , we obtain 

|3 p [q>](x)| < C • |3 p cp(x)| + C ■ e (x G Q°, |(3| = m). 

Taking p th powers, integrating over Q° and maximizing with respect to the multi-indices 
(3 with | (3 1 = m, we obtain 



m 

Sll p < 



|q>ll p L 



< 



,P(Qo 



Together with (|27| , this proves (|20d|) . 

Now ((17a ) -((l7d l) and <(20a|) - <|20d|) imply that (P^) ae ^ satisfies d3l39a|> - <l3l39c|) with R equal 
to a universal constant, e 2 = C'e and a = a(u, E). We may assume that C'e < c 2 , where 
the constant Ci comes from Lemma 13.41 Then the hypotheses of Lemma 13.41 hold, hence 
cr(y, E) contains an [A, u, C"e, 1 )-basis for some universal constant C" > 1 . 

Finally, we may assume that e < e /C", in which case cr(-y, E) contains an [A>y , eo, 1 )- 
basis. Since y G E was arbitrary this concludes the proof of ©. As mentioned already, this 
contradicts ©. Thus we may assume that A C M. is a monotonic set. This property will 
be called upon much later to prove Proposition [3] (but nowhere else). 



5. The CZ Decomposition 
To start, we make two definitions. 

Definition 6 (OK cubes). A dyadic cube Q c Q° is OK if either #(3Q fi E) < 1 or there exists 
A < A such that cr(x, E n 3Q) contains an (A, x, e , 30 5 q) -basis for every x G E n 3Q. 

Definition 7 (Calderon-Zygmund cubes). A dyadic cube Q C Q° is CZ if Q is OK and all 

dyadic cubes Q' c Q° that properly contain Q are not OK. 
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The collection of CZ cubes will be denoted by 

CZ°={Q h ...,Q ym J. 

Lemma 5.1. The Colder 6n-Zygmund cubes CZ° form a non-trivial finite partition of Q° into 
dyadic cubes. In particular, each Q £ CZ° has a (unique) dyadic parent Q + c Q°. 

Proof. Recall our assumption that E c M n is finite with #(E) > 2 (see (|4I4|>). Therefore, 

6 := inf {|x — y\ : x,u £ E distinct} £ (0, oo). 

Let Q C Q° be some dyadic cube with sidelength 6 Q < 6/4. It follows that #(E n 3QJ < 
1, hence Q is OK. Since there are finitely many dyadic subcubes of Q° with sidelength 
greater or equal to 6/4, it follows that CZ° is a finite partition of Q°. 

Suppose that Q° is OK. Since E c Q°, this means that either 

(a) #(E) < 1 or 

(b) a(x, E) contains an [A\ x, e , 306Q°)-basis for each x £ E and some A' < A. 

Since 6qo = 1, we can replace 306qo by 1 in (b), while retaining validity (see the remark in 
section |3~2l> . Therefore, (a) contradicts #(E) > 2, while (b) contradicts (|4|3|) . 

It follows that Q° is not OK. Therefore, CZ° is not the trivial partition {Q°}. ■ 

Twocubes Q v , Q y > £ CZ° are called "neighbors" if their closures satisfy cl(Q v ) Del (Qv) 
0. (In particular, any CZ cube is neighbors with itself.) We denote this relation by Q v <-> 
Q v / or-vH v'. 

Suppose that #(E n 3Q+) < 1 for some Q £ CZ°. Then by definition Q+ is OK, which 
contradicts Q £ CZ°. Thus, we have 

#(E n 9Q) > #(E n 3Q+) > 2 for each Q £ CZ°. (1) 

(Here, we are using the fact that Q + C 3Q for any cube Q C W 1 .) 

Lemma 5.2 (Good Geometry). J/Q, Q' £ CZ° satisfy Q <-> Q', f/ien ^6q < 6q/ < 26q. 

Proof. For the sake of contradiction, suppose that Q, Q' £ CZ° satisfy 

cl(Q) ncl(Q') ^ and 45 Q < 6 Q /. 
Since Q + ,Q' are dyadic cubes, it follows that 3Q + C 3Q'. Since Q' is OK, either 
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(a) #(3Q'nE) < 1 or 

(b) cr(x,E fl 3Q') contains an («4.,x, eo, 306c>/)-basis for each x G 3Q' n E and some 
A< A. 

Note that (a) implies that #(3Q + HE) < 1, which contradicts (OQ). Thus it remains to 
consider (b). 

By definition of a(-, •), we have cr(x, E n 3Q') c ff(x, E n 3Q + ) for every x G En 3Q + . 
Therefore, (b) implies that cr(x, E n 3Q + ) contains an [A, x, e , 306Q/)-basis for each x G 
3Q + n E. Since 6q+ < 6q/, we may replace 6q/ by 5q+ in the previous statement, while 
retaining validity It follows that Q + is OK, which contradicts Q G CZ°. ■ 

Lemma 5.3 (More Good Geometry). For each Q G CZ°, the following properties hold. 

• IfQ'e CZ° is such that (1 .3) Q' n (1 .3) Q ^ then Q <-> Q'. Consequently, each point 
x G M n belongs to at most C(n) o/i/ie cufces (1 .3) Q roz'f/i Q G CZ°. 

• Z/Q'e CZ°z's such that (l.l)Q'n 10Q ^ then 5 Q / < 506 Q . 

• J/Q'G CZ°issuch that (l.l)Q' n 100Q ^ fa 6 Q / < 10 3 5 Q . 

• Z/c/(Q) n 3QV fa 5 Q > ^6 Q o. 

Proo/. Let Q G CZ° be fixed. We start with the first bullet point. Suppose that Q' G 
CZ° does not neighbor Q. Put 6 = max{6Q/2, 5q//2}. Then Lemma 15.21 implies that 
dist(Q, Q') > 6 (the CZ cubes that neighbor the larger cube have sidelength at least 6, 
providing a buffer between Q and Q' of this width). Thus, 

(1.3)Q n (1.3)Q' C B(Q, (0.3)6) n B(Q', (0.3)6) = 0. 

This completes the proof of the first statement of the first bullet point. The second state- 
ment is immediate from Lemma l5~2l We pass to the second bullet point. 

For the sake of contradiction, suppose that there exists Q' G CZ° with (l.l)Q'nlOQ ^ 
and 6 Q / > 506 Q . Note that 

(l.l)Q'n 10Q ^0 =^ dist(Q,Q') < (0.05)6 Q / + (4.5)5q. 

Since 5 Q / > 506 Q it follows that dist(Q, Q') < (0.05 + .09)6 Q / < (0.15)6 Q >. Therefore, 
(1 .3)Qn (1 .3)Q' ^ 0. However, this contradicts 6q/ > 506q in view of the first bullet point 
and Lemma 15^21 This completes the proof of the second bullet point. 

The proof of the third bullet point is analogous to the above. 
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Finally, we prove the fourth bullet point. For the sake of contradiction, suppose that 
d(Q) n 3Q° ^ and 6 Q < 5 Q o/20. Therefore, 9Q c R n \ (1/8)Q°. Because E c (1/8)Q°, 
we have 9Q n E = 0. However, this contradicts ([1]). This proves the fourth bullet point, 
and completes the proof of Lemma [531 ■ 

6. Paths to Keystone Cubes I 

In this section, constants called c G , c, c', C, C, etc. depend only on the dimension n. 
They are "controlled" constants. The lower case letters denote small (controlled) con- 
stants while the upper case letters denote large (controlled) constants. A is a constant to 
be picked later. We assume A is greater than a large enough controlled constant ("large A 
assumption"). 

We derive our main proposition in the following setting. 

• We are given a CZ decomposition: M n is partitioned into a collection CZ of dyadic 
cubes, such that Q, Q' G CZ and (1 + 10c G )Q n (1 + 10c G )Q' ^ => ^6 Q < 5 Q / < 
646q ("good geometry"). 

• We are given a finite set EcM n with cardinality N = #(E) > 2. 

• The CZ cubes are related to the set E as follows: #(E n 9Q) > 2 for each Q e CZ. 

Definition 8. A cube Q e CZ is called a keystone cube if for any Q' e CZ with Q' n 1 00 Q ^ 0, 
we have 8q> > Sq. 

This section is devoted to a proof of the following proposition: 

Proposition 1. We can find a subset CZ spec / n / C CZ, and an assignment to each Q e CZ of a 
finite sequence Sq = (Qi, Q2, . . . , QO of CZ cubes (with length L depending on Q), such that 
the following properties hold. 

(i) CZgpedai contains at most C ■ N distinct cubes. 

(ii) Qi = Q, Ql is a keystone cube; (1 + c G )Qi n (1 + cq)Qi+i ^ fifor every 1 < I < L; and 

5 Qk < C ■ (1 - c) k - l 5 Ql for 1 < I < k < L. 

(Hi) Let Q, Q' e CZ \ CZ specM , and let S Q = (Q b . . . , Q L ), S Q > = [Q\ , . . . , Q' L ,). 
7/(1 +c G )QH(1 +c G )Q / ^0, tonQ L = Q' L „ 

We begin the proof of Proposition [U 
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Definition 9 (Clusters). A subset S C E is a cluster if it satisfies #(S) > 2 and dist{S } E \ S) > 
A 3 diam[S), where the left-hand side = oo if E \ S = 0. 

Definition 10 (Representatives). For each clusters we pick a representative x[S) G S. We write 
Q(S) to denote the CZ cube containing x(S). 

Definition 11 (Halos). For eac/i cluster S, we de/z'ne f/ze /zalo o/S to fee 

H(S) = {x G l n : A ■ diam{S) < |x-x(S)| < A -1 dz&(S,E\ S)} . 
Again, dist{S } E\S) = oo if S = E. 

Definition 12 (Interstellar cubes). Q G CZ is interstellar if dz'ara(A 10 Q n E) < A~ 10 6q and 
(1 +3c G )QHE = 0. 

We recall the Well Separated Pairs Decomposition (5]|. 

Theorem 6 (Well Separated Pairs Decomposition). Let E c IR n be finite. There exists a 
list of non-empty Cartesian products E^ x E", ^ x Ej, . . . , E^, max x E" max , eac/z contained in 
E x E \ {(x, x) : x G E}, such that the following properties hold. 

• For each v = 1 , . . . , v maxr we have diam(E' y ) + diam[E") < 1 0~ 6 dist[TL' y , E"). 

• Eac/z paz'r (x', x") G E x E with x' ^ x" belongs to precisely one E^, x E". 

• v max < CN. 

Fix a representative (x^,, x") G E^, x E" for each v = 1, . . . , v max . Then for any (x', x") G 
E x E with x' ^ x", we have (x', x") G E^, x E" for some v. For that v, we have 

\x' y — x'| + |x" — x"\ < diam(E^,) + diam(E") 

< 10- 6 dist(E;,E^) < 10- 6 |x'-x"|, 

and similarly 

K-x'i + K-*"! < io- 6 K-<|. 

Using the Well Separated Pairs Decomposition, we prove the following. 

Lemma 6.1. The number of non-interstellar cubes Q G CZ is at most C(A) • N; here, C(A) 
depends only on A and on the dimension n. 

Lemma 6.2. T/ie number of distinct clusters is at most CN. 
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Proof of Lemma 16.11 The non-interstellar cubes are Q G CZ such that (1 + 3c G )Q fi E ^ or 
diam(A 10 Q n E) > A- 10 5 Q . 

For each x G E, there are at most C distinct CZ cubes Q such that x G (1 + 3c G )Q- 
Therefore, there are at most CN distinct CZ cubes Q such that (1 + 3c G )Q n E ^ 0. 

Next, we consider Q G CZ such that diam(A 10 Q D E) > A~ 10 Sq. For such Q, we can 
find x', x" G E fi A 10 Q such that |x' — x"\ > A~ 10 5q. For some y, we have 

K-x'| + K-x"| < 10- 6 |x'-x"| < CA 10 6 Q . 

Hence, |< -<| > \A- w 8 Ql yet <,< e CA 10 Q. 

Therefore, the number of Q G CZ such that diam(A 10 Q n E) > A _10 5q is at most the 
sum over all y = 1 , . . . , v max of 

the number of distinct dyadic cubes Q such that x^, x" G CA 10 Q and |x^, — x"| > ^A _10 6q. 

For each fixed y, the quantity in the square brackets is at most C(A); and the number 
of distinct v = 1 , . . . , v max is at most CN. 

Thus, there are at most C(A)N distinct Q G CZ such that diam(A 10 Q n E) > A" 10 6 Q . 

The proof of Lemma 16.11 is complete. ■ 



Proof of Lemma [6721 Let S be a cluster. Fix x', x" G S such that |x' — x"| = diam(S). Then any 
point y G E \ S satisfies |x' — y \ > A 3 |x' — x"\. Fix v such that 

|x; - x'| + |x^ - x"\ < 1 (T 6 |x' - x"| 

and 

K-x'| + k-x"|< io- 6 |x;-x^|. 

Then 

(1 -Kr 6 )|x'-x"| < |<-<| < (1 +KT 6 ) |x'-x"|. 

Any u G S satisfies 

\y~K\ < |y — x'| + |x / -x^| < diam(S) + KT 6 |x' -x"\ 
= \ x >-x"\ + W- 6 \x'-x"\<2\x' y -4\. 
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On the other hand, any y G E \ S satisfies 

\y-K\ > |y-*'|-K-*'l > a 3 \x' -%"\-]Q- 6 \x' -x"\ 

>A|<-<|. 

Consequently, S = E n B(x^,, 1 0|x^ — x"|) for some v. 

Thus, every cluster S arises as En B(x^,, 10|x^, — x"|) for some "V = 1,...,v max . Since 
v ma < C1N, there can be at most CN distinct clusters. The proof of Lemma l6~2l is complete. 



Lemma 6.3. IfQ is an interstellar cube, then (1 + Cg)Q C H(S) for some cluster S. 



Proof. Let S = E n A 10 Q. Then #(S) > #(E n 9Q) > 2; also diam(S) < A- 10 S Q . Since S 
intersects 9 Q, it follows that S C 13Q. On the other hand, E\S C ]R n \A 10 Q. Consequently, 
dist(S,E\S) > dist(13Q,M n \A 10 Q) > cA 10 6 Q . Thus, dist(S, E\S) > cA 20 diam(S), proving 
that S is a cluster. 

Next, let x G (1 + c G )Q. We know that (1 + 3c G )Q n E = since Q is interstellar. 
Hence, |x — x(S)| > c5q since x(S) G S C E. Therefore, |x — x(S)| > cA 10 diam(S). On 
the other hand, x(S) G S C 13Q, and x G (1 + c G )Q. It follows that |x - x(S)| < C5 Q < 
CA- 10 dist(S,E\S). 

Thus, cA 10 diam(S) < |x-x(S)| < C'A _10 dist(S, E \ S). We have shown that each 
x G (1 +c G )Q belongs to H(S). ■ 

Lemma 6.4. Let Shea cluster. Let Q G CZ, and letx G (1 + c G )Q fi H(S). Then 



x — x(S)| + 6q( S ) < 6 Q < A |x-x(S)| + 5 



>Q(S) 



Proof. We know that A ■ diam(S) < |x — x(S)| < A MisttS, E \ S). In particular, 

S C B(x, |x-x(S)| +diam(S)) c B (x, [1 + A" 1 ] • |x-x(S)|) c B(x, 2|x - x(S)|) 

and 

dist(x,S) > |x-x(S)| -diam(S) > [1 - A" 1 ] • |x-x(S)| > l|x-x(S)|. 

Also, 

dist(x,E\S) > dist(x(S),E\S)-|x-x(S)| > dist(S, E\S) - |x-x(S)| > [A — 1] ■ |x — x(S)|. 
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In particular, 

dist(x,E\S) > [A - 1] • |x-x(S)| > 2|x-x(S)| > dist(x,S). 

Therefore, dist(x, E) = dist(x, S) > \\x — x(S)|. On the other hand, E n 9Q ^ since 
Q e CZ; and x e (1 + c G )Q. Therefore, dist(x,E) < CS Q . It follows that |x - x(S)| < 
2dist(x, E) < C'6 Q . 

Next, we check that 5q (s) < ASq. In fact, suppose that 5q (S ) > ASq. Then also 6q( S ) > 
cA|x - x(S)|. Since x(S) 6 Q(S) by definition, it follows that x e (1 + c G )Q(S). On the 
other hand, x G (1 + c G )Q. Therefore, 5q (s) and Sq differ by at most a factor of 64, thanks 
to the good geometry of the CZ cubes. This contradicts our assumption that 6q(sj > ASq, 
completing the proof that Sq (S ] < ASq. 

We now know that \ [Sq( S ) + |x — x(S)|] < 6q. 

Next, we show that 6q < A [5q(s] + |x — x(S) |] . Indeed, suppose that 

6 Q > A[6 Q(S ) + |x-x(S)|]. 

SincexG (1 +c G )Q and A _1 5 Q > |x-x(S)|, it follows thatx(S) e (1 +2c G )Q. On the other 
hand, x(S) e Q(S). By the good geometry of the CZ cubes, the side lengths Sq and 5q (S ) 
can differ at most by a factor of 64. This contradicts our assumption that 6q > A6q( S ), 
completing the proof that 5 q < A[5q (s) + |x — x(S)|]. ■ 

Lemma 6.5. For any two distinct clusters S, S', the halos H(S), H(S') are disjoint. 

Proof. Suppose x e H(S) D H(S'), with S and S' distinct clusters. Then 

A-diam(S) < |x-x(S)| < A _1 dist(S, E \ S). 

Let R s =2|x-x(S)|. Then 

S C B(x, |x-x(S)| +diam(S)) c B (x, [1 + A" 1 ] • |x-x(S)|) c B(x,R s ). 

For y E E \ S, we have 

|y -x| > dist(-y,S) -dist(x,S) > dist(E \ S, S) - dist(x, S) > dist(E\S,S) - |x-x(S)| 
> [A-l] ■ |x-x(S)| >2|x-x(S)| =R S . 

Therefore, (E \ S) n B(x, R s ) =0. Since we observed that S C B(x, Rs) and since S C E, we 
conclude that S = B(x, R s ) n E. 
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Similarly, S' = B(x, Ry) n E, where R S / = 2|x - x(S')|. It follows that S C S' or S' C S. 
Without loss of generality, we may suppose S C S'. Since S and S' are distinct, we can find 
ueS'\ScE\S. 

Note that diam(S') > |y -x(S)| > dist(E\S,S). Since x G H(S'), we have |x-x(S')| > 
A ■ diam(S'), hence 

|x-x(S)| > A-diam(S') - |x(S) -x(S')| > A • diam(S') -diam(S') 
(since x(S) eScS' and x(S') G S') 

> -A-diam(S'). 

On the other hand, since x G H(S), we have 

|x-x(S)| < A _1 dist(S,E\S) < A _1 dist(S, S' \ S) < A- 1 diam(S'). 

Thus, |x— x(S)| > ^A-diam(S'), and |x— x(S)| < A _1 diam(S')- This contradiction shows 
that we cannot have x G H(S) n H(S'). ■ 

Lemma 6.6. Lef S be a cluster. Let x, x' G H(S), and Je£ Q, Q' G CZ, wif/z x G Q and x' G Q'. 

J/|x-x'| < A~ 2 |x - x(S)| / then (1 +c G )Qn(1 + c G )Q' ^ 0. 

Proof. By Lemma [6^41 we have |x'-x| < A~ 2 [|x - x(S)| + 6 Q(S) ] <2A _1 6q. Since x G Q, it 
follows thatx' g (1 + c G )Q. Also x' G Q' C (1 + c G )Q'. ■ 

Lemma 6.7. Fzx a cluster S. Lei x, x' G H(S), twf/z |x — x(S)| > |x' — x(S)|. T/zen f/zere exist 
a finite sequence of points xi,x 2 , . . . ,x L G H(S), anc? a positive integer L*, wziTz the following 
properties: 

• xi = x anrf xi_ = x'. 

• |x l+1 -x(S)| < \x\ — x[S)\for l=l,...,L — 1. 

• |x t — xi+i | < A~ 2 |x l - x(S) | for I = 1,...,L- 1. 

• |xi +L . -x(S)| < (1 - A- 3 )|xt-x(S)|/or 1 < l< L-L*. 

• U < A 3 . 

Proof. Define a point x G IR n such that 

x-x(S) = |x-x(S)| ■ ^ — ^Hj-. 

\x' — x[S)\ 
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Thenx e H(S) since |x — x(S)| = |x — x(S)| andx e H(S). We have 

x — x(S) = T ■ [x' — x(S)] for some T > 1 . 
We pick points Xi, . . .,x Ll in 3B(x(S), |x — x(S)|) such that 

|x l+1 -x x \ < A~ 2 |x-x(S)| =A _2 |x l -x(S)| fori < I < L n ; and U < ^A 3 . 

We then pick positive real numbers T L , , T Ll +1 , . . . , T L _i , T L with the properties: 

T Ll = T as in ©; T L = 1 ; T l+1 = (1 - A~ 3 )Tt for Li < I < L — 2; and 
(l-A^T^ <T L <T L _!. 

Define the points x L , +i , . . . , x L e M n by setting 

Xl - x(S) = T x ■ [x 1 - x(S)] for I = L] + 1 , . . . , L. (3) 

Note that @ holds for I = U also,andthat Ixt-xfS)! = T x ■ |x'-x(S)|. We have 1 < T t < T 
for each I = Li , . . . , L; therefore |x' — x(S) | < |x L — x(S) | < |x — x(S) | for each such I. Since 
x, x' G H(S), it follows that each x v also belongs to H(S). 

We have 

\xi-x w \ < A- 3 |x t -x(S)| forL!<l<L-1; (4) 
|xt + i — x(S) | < |xt — x(S) | for Li < I < L — 1 ; and 
| Xl+1 -x(S)| = (1 - A- 3 )|xt-x(S)| for Li < 1 < L — 2. 

We have now defined X] , . . . , x L . Note that Xi — x and x L = x', which is the first bullet 
point in Lemma 16771 

We know that |xi +1 — x(S)| = |xi — x(S)| for 1 < I < Li — 1, and |xi +1 — x(S)| < |xt — x(S)| 
for L] < I < L — 1 ; therefore |x l+1 — x{S)\ < \x x — x(S) | for 1 < I < L — 1 . This establishes 
the second bullet point of Lemma [6T71 Also, |x l+ i — x{S)\ < (1 — A _3 )|xv — x(S)| for Li < 
I < L — 2. The last two estimates together show that |x l+ ( L ,+3) — x(S)|< (1 — A~ 3 )|xi — x(S)| 
for 1 < I < L — (Li + 3). Here, U + 3 < ^A 3 + 3 < A 3 . Thus, we have proven the last 
two bullet points of Lemma 16.71 The third bullet point in Lemma 16.71 is immediate from 
(0 and HI). We have verified all the conclusions of Lemma l6?7l ■ 



(1) 
(2) 
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Lemma 6.8. Fix a cluster S. Let Q, Q' G CZ, and let x, x' G H(S), zt>z'£/z x G Q, x' G Q'. Assume 

|x — x(S)| > |x' — x(S)| > 6q (S ]. 

Then there exist cubes Qi , Q 2 , . . . , Ql G CZ, wz£/z the following properties. 

• Qt = Q and Q L = Q'. 

• (H-c G )Qin(1+c G )Q l+1 ^0foralll= 1,2,...,L-1. 

• §Q k < C(A)(1 - c(A)) k - l 6 Ql /or 1 < I < k < L;here, < c(A) < 1 and C(A) > Oare 
constants depending only on A and on f/ze dimension n. 

Proof. Pick a sequence xi , x 2 , . . . , x L G H(S) and an integer L*, as in Lemma 16771 For each I, 
let Qi be the CZ cube containing x v . In particular, Qi = Q and Q L = Q', since Xi = x G Q 
and xl = x' G Q'. For each I = 1 , 2, . . . , L — 1 , we have |xi+i —x\\< A~ 2 |xi — x(S)|. Since 
also xi G Qi and xi+i G Qi+i, Lemma [6761 tells us that (1 + Cq)Qi n (1 + c G )Qi+i ^ 0- In 
particular, 6q 1+1 and 5q x differ by at most a factor of 64. 

Lemma [6771 gives |xv+i — x(S)| < |xi — x(S)| for I = 1 , 2, . . . , L — 1; hence, |xi — x(S)| > 
\x' — x(S)| > 6q( S ). Hence, by Lemma |6~4~1 (and the fact that xi G Qi), 5q x differs by at most 
a factor of 2 A from 5q( S ) + |xi — x(S)|, which in turn differs by at most a factor of 2 from 

|xi -x(S)|. 

Therefore, 

^A _1 |xi -*(S)| < 6 Ql < 4A|x v -x(S)|, for each I = 1,2, ...,L. 
The fourth bullet point of Lemma 16771 now gives 

5 Quj < (4A) 2 • (1 - A- 3 y-% Ui for 1 < L*i < L*j < L. 

Since also 5q 1+1 and 6q x differ by at most a factor of 64 (1 < I < L — 1), and since 
1 < L* < A 3 , it follows that 

6 Qk < C(A) • (1 - c(A)) k - l S Ql for 1 < I < k < L. 

■ 

Fix a cluster S. ForeachQG CZ such that QnH(S) ^ wefixapointx(Q,S) G QnH(S). 

Lemma 6.9. Given R > 6q(s)/ there are at most CA 2n (R/Sqjs)) 71 distinct cubes Q G CZ such 
that QnH{S) ^ (ft and |x(Q, S) - x(S)| < R. 
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Proof. For each Q as in the statement of the lemma, we know from Lemma [6341 that 

§q< A- [|x(Q,S)-x(S)| + 5 Q(S )] <A-[2R], 

and therefore Q c B(x(Q,S), CAR) C B(x(S), CAR). 

On the other hand, the CZ cubes are pairwise disjoint, and each CZ cube such that 
Q fl H(S) 7^ has volume at least (2A)~ n Sq (s) , by Lemma l6~4l The conclusion of Lemma 
l6.9l follows at once. ■ 

We say that Q G CZ is privileged for the cluster S (or S-privileged), provided that Q fl 
H(S) 7^ and |x(Q, S) — x(S)| < 6q(s)- According to Lemma [6T9l there are at most CA 2n 
privileged cubes for a given cluster S. 

Moreover, Lemma [6T9l shows that, if there are CZ cubes Q such that 

Q n H(S) ^ and |x(Q, S) - x(S)| > 5 Q(S) , (5) 

then there exists Q s G CZ such that Q s nH(S) ^ 0, |x(Q s , S)— x(S)| > 5 Q(S ), and |x(Q s ,S) — 
x(S)| < |x(Q,S)-x(S)| for any Q G CZ for which © holds. 

For each such cluster S, we pick such a Qs- 

Lemma 6.10. Let S be a cluster, and let Q G CZ. Suppose Q n H(S) ^ 0, and suppose Q is 
not privileged for S. Then there exists a finite sequence of cubes Qi , Q2, • • • , Ql e CZ with the 
following properties: 

• Qj =QflttdQ L = Qs- 

• (1+c G )Q l n(1+c G )Q l+1 ^0/oraZZl=l,2,...,L-l. 

• 6 Qk < C(A) • (1 - c(A)) k - l 5 Ql /or 1 < I < k < L; here, < c(A) < 1 and C(A) > are 
constants depending only on A and on the dimension n. 

Proo/. Lemma [6T8l applies, with Q as in the present lemma, Q' = Qs/ x = x(Q, S), x' = 
x(Q s ,S). ■ 

Lemma 6.11. Lrf Q, Q' G CZ &e interstellar cubes, and suppose (1 + c G )Q fl (1 + c G )Q' 7^ 0. 
Then there exists a cluster S such that: (1 + c G )Q C H(S) and (1 + c G )Q' C H(S); and for any 
cluster S' ^ S, the cubes (1 + c G )Q and (1 + c G )Q' are both disjoint from H(S'). 



Proof. Immediate from Lemmas 16.31 and 16.51 
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Lemma 6.12. Let Q £ CZ. TTzen f/zere exzs£s a finite sequence Qi , Q 2 , . . . , Ql of CZ cubes, such 
that 

• Qi — Q fln ^ Ql zs fl keystone cube. 

• (1 +c G )Q l n(1 +c G )Q w ^ Qfor I = 1, 2,... ,L-1. 

• §Q k < C(A) • (1 - c(A)) k - l S Ql /or 1 < I < k < L. 

Proof. Let x £ IR n , and let Q x be the CZ cube containing x. Then any CZ cube that meets 
(1 +c G ) Q x is a dyadic cube of sidelength at least 5q x /64. Hence, x has a neighborhood that 
meets only finitely many CZ cubes. Consequently every compact set meets only finitely 
many CZ cubes. 

If Q is a keystone cube, then the conclusion of the lemma holds with L = 1 and Qi = Q. 
Suppose Q is not a keystone cube. Then there exist cubes Q' £ CZ with 

Q / nlOOQ^0and6 Q / < ^6 Q . (6) 

There are only finitely many such Q'. Pick Q 1 £ CZ that satisfies © and has minimal 
distance to Q among cubes satisfying ©. Let s : [0, 1] — > W 1 be an affine map with 

s(0) ecl(Q), s(l) £cl(Q 1 )and |s(1)-s(0)| =dist(Q 1 ,Q). (7) 

Since Q 1 meets 100Q and the point s(1 ) £ c^Q 1 ) has a minimal distance to Q, it follows 
thats(l) £ cl(100Q). Also, since s(0) £ cl(Q), we have s((0, 1 )) c 100Q. 

The bounded set s((0, 1 )) meets only finitely many CZ cubes Q 1 ' 1 , . . . , Q 1,K . Thus, 

Q 1 ' k n1OOQ^0 > and (8) 
dist(Q 1>k ,Q) < dist(Q\Q) for k = 1, . . . , K. (9) 

(Here, we use © to prove ®.) Reordering the cubes Q 1 ' 1 , . . . , Q 1,K if necessary, we can 
arrange that 

(1 + c^Q 1 ' 1 n (1 + c G )Q ^ and (1 + c G )Q^ K n (1 + c G )Q ] ^ 0; and 

(10) 

(1 +c G )Q 1 ' k n(1 +c G )Q 1 ' k+1 ^0 fork = 1,...,K-1. 

From © and the definition of Q 1 , each Q 1,k must not satisfy ©, hence Sqi.k > 5q, 
thanks to ®. Since each Q 1,k meets 100Q, good geometry shows that 5qi,ic < C'6q, as in 
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the proof of Lemma l53l Therefore, 

5 Q i, k ~ 6 Q for k= 1,...,K, and K < C. (11) 

We call the cube Q 1 G CZ a junior -partner of Q; any sequence (Q 1 ' 1 , . . . , Q 1,K ) of CZ 
cubes that satisfies (|T0|) and ([TT]) is said to join Q with Q 1 . Since Q 1 meets 100Q and 
satisfies 5qi < ^5q, we have 

C" ■ Q 1 C C" ■ Q whenever Q 1 is a junior partner to Q. 

Now, either Q 1 is a keystone cube or it has a junior partner Q 2 . In the latter case, either 
Q 2 is a keystone cube or it has a junior partner Q 3 . Continue in this way, either forever, or 
until we arrive at a keystone cube. 

If the above process continued indefinitely, then we would have a sequence of CZ cubes 
Q 1 , Q 2 , Q 3 , . . . with each Q' +1 being a junior partner to Q>. That would imply that Sqj+i < 
jSqj and C" ■ Q' +1 C C" ■ Q' for each j. Thus, the cubes Q' would shrink to a single point as 
j — > oo; however, this contradicts the fact that every point has a neighborhood that meets 
only finitely many CZ cubes. Thus, the above process of successively passing to junior 
partners must stop after finitely many steps. Accordingly, starting from any Q 6 CZ, we 
obtain a finite sequence Q 1 , Q 2 , . . . , of CZ cubes such that Q' +1 is a junior partner of 
for 1 < j < J — 1, and is a keystone cube. We now join each Q' with Q' +1 through 
a sequence of CZ cubes. Concatenating these sequences, we obtain a sequence satisfying 
the conclusions of Lemma T6.121 ■ 

Lemma 6.13. There exists a set CZ spec j fl /, consisting of at most C(A) • N distinct CZ cubes, for 
which the following holds. We can associate to each Q e CZ a finite sequence Sq = (Qi, Q2, • • • , QO 
ofCZ cubes, with the following properties. 

• Qi = Q an d Ql is a keystone cube. 

• (1 + c G )Qi n (1 + c G )Qi+i 7^ for I = 1 , 2, . . . , L — 1 . 

• 6 Qk < C(A) ■ (1 - c(A)) k - l 5 Ql /or 1 < I < k < L. 

• Let Q, Q' G CZ \ CZgpecfai, and suppose (1 + Cg)Q fl (1 + Cg)Q' ^ 0. Let Sq = 
(Qi , . . . , Q L ) and Sq/ = [Q\ , . . . , Q' L ,) be the finite sequences ofCZ cubes associated to Q 
and to Q', respectively. Then Q L = Q' v . 

Proof. First, we define the collection CZ specia i. It consists of all non-interstellar cubes Q G 
CZ, together with all Q G CZ that are privileged for some cluster S. If Q G CZ S p ec i a i, then 
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we say that Q is "special." We have seen that there are at most C(A)N non-interstellar 
cubes and at most CN distinct clusters (see Lemmas l6.1U6.2[) . Since there are at most C(A) 
privileged cubes for each given cluster, it follows that CZ S p ec i a i consists of at most C(A)N 
distinct CZ cubes. 

Next, we define the sequence Sq = (Qi , Q2, . . . Ql) for each CZ cube Q. If Q G CZ S p ec i a i, 
we just pick any finite sequence as in Lemma 16.121 Then Sq satisfies the first three bullet 
points in the statement of Lemma 16.131 It remains to define the Sq for all Q G CZ \ 
CZ S p ec i a i, and to prove that our Sq and CZ spec i a i have the properties asserted in Lemma 
[631 

For each cluster S such that there exist cubes Q G CZ that are not privileged for S but 
that meet H(S), we have picked out a cube Qs in the discussion following Lemma [6T9l 
Applying Lemma 16.121 to Q s , we obtain a finite sequence Q s , Qf , • • • , Qs' S ' °f CZ cubes 
such that 

• Qs = Qs, Qs' S) i s a keystone cube. 

• (1 + c G )Q l s n (1 + c G )Q^ +1 7^ for I = 1 , 2, ... , L(S) - 1. 

• 6 Q v < C (A) ■ (1 - c {A)) y -^b^ for 1 < n < v < L(S). 

For each Q G CZ that is not privileged for S but that meets H(S), we define a sequence 
Qi, Qz, • • • , Ql as in LemmaEM Thus, Qt = Q, Q L = Qs, (1 + c G )Q x n (1 + c 6 )Qi+i + 
for 1 < I < L - l;and5 Qk < C(A) • (1 -c(A)) k - l S Ql for 1 < I < k < L. 

Unless Q is special (in which case we have already defined <S(Q)), we then define «S(Q) 
to be the sequence 



5(Q) = (qi,Q2,...,Ql,0s,0 2 s ,-.-,0s (s) ). 



This is well-defined, since each Q G CZ\CZ spec i a i is as above for one and only one S (see 
Lemma [6TTT1 with Q' = Q). 

Since Ql = Qs = Ql, one checks easily that S{Q) satisfies the first three bullet points in 
the statement of Lemma [6. 131 

Moreover, if Q and Q' are any two non-special CZ cubes that meet H(S), then the fi- 
nite sequences <S(Q) and S(Q') both end with the finite sequence Qs> Qs> • • • > Qs • m 
particular, the sequences <S(Q) and S{Q') both end with the same cube, namely Qs <S) - 

The above observation applies to any Q, Q' G CZ \ CZ specia i such that (1 + c G )Q n 
(1 + c G )Q' ^ 0. Indeed, Lemma EUJ gives a cluster S such that (1 + c G )Q, (1 + c G )Q' C 



46 CHARLES L. FEFFERMAN, ARIE ISRAEL, AND GARVING K. LULI 

H(S). The cluster S admits non-special cubes Q" that intersect H(S); indeed, we may take 
Q" = Q or Q'. Hence «S(Q) and S{Q'} end with the same cube, by the observation in the 
preceding paragraph. 

The conclusions of Lemma [6. 131 are now obvious. ■ 

Proof of Proposition^ We simply take A in Lemma [6. 131 to be a large enough constant de- 
termined by the dimension n. ■ 

7. Paths to Keystone Cubes II 

We place ourselves back in the setting of section [5] In particular, CZ° is a dyadic de- 
composition of the cube Q° = (0, l] n . We define the collection of keystone cubes for CZ° 
by 

CZ£ ey = {Qe CZ° : 5q/ > 6 Q for every Q' e CZ° that meets 100Q}, (1) 
which will also be denoted by 

CZ key ={Ql>--->QLax}- 

Lemma 7.1. For each \i = 1 , . . . , [i max , there are at most C indices \i' e {1 , . . . , |J. max } with 
lOQ^,nlOQ^0. 

Proof Suppose that Q tt , Q s e CZ£ ey satisfy 10Q tt n 10Q fl ^ 0. Without loss of generality, 
we may assume that 6qb > 6q 8 . Therefore, 100Q 11 D Q" ^ 0. By the definition of keystone 
cubes, we have 6q 8 > 6qb. Thus, 6qt = whenever ICQ" D 10Q tt ^ 0. The conclusion of 
Lemma [7J] follows immediately. ■ 

By applying Proposition [1] to the current setting we prove the following. 

Proposition 2. To each cube Q y G CZ° (v = 1 , . . . , v max ), we can assign a finite sequence 
Sy = (Qv,i> Qv,2, • • • > Qv,lJ of cubes from CZ°, suc/z that the following -properties hold. 

(Kl) Q V)1 = Q y and Q v ,u zs a keystone cube for CZ°; Q V>1 f-> Q v ,i+i < I < T v — 1); and 

5 Qvik <C-(l-c) k -V, (1 <l<k<U). 
(K2) Let K : CZ° -> CZ° fee de/med fry £(Q V ) = Q V)Lv . Tfren 

#{(v,V) G{l,...,^ma X } 2 :Qv^Qv and/C(Q v )^/C(Q v )} <C-N. 
(K3) AC(Qv) = Qv/orany Q v e CZ^. 
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Proof. First we embed CZ° (a dyadic decomposition of Q°) into a dyadic decomposition 
CZ+ of the whole R n . 

Define the collection of dyadic cubes 

CZ=f{Qcl n dyadic : 8„ = 1 , 3Q + d Q°} 

(2) 

U{Qcl u dyadic : 6 Q > 2, 3Q+ D Q°, 3Q 75 Q°}] \{Q }. 
We establish the following claims. 

Claim 1: CZ partitions M n \ Q° into dyadic cubes. 
Claim 2: If Q e CZ then 9Q D Q°. 

Claim 3: If Q, Q' G CZ satisfy cl(Q) n cl(Q') ^0,then1/2< 6 Q /5 Q , < 2. 

Claim 4: If Q c R n is dyadic and satisfies 6 Q = 1, cl(Q) n 9Q° ^ and Q ^ Q°, then 
Q G CZ. 

Proof of Claim 1: For each x G IR n \ Q°, let Q c l n be the smallest dyadic cube with 
x G Q, 3Q+ D Q° and 6 Q > 1. Then Q ^ Q°, since x g Q°. If 5 Q = 1, then Q 6 CZ. On 
the other hand, if Sq > 2, then 3Q 7) Q° since Q is minimal, hence also Q G CZ. In either 
case, Q G CZ and x G Q. Thus, CZ covers R n \ Q°. 

We now prove that the collection CZ is pairwise disjoint. For the sake of contradiction, 
suppose that Q, Q' G CZ are distinct with Q n Q' ^ 0. Since Q, Q' are dyadic, either 
Q C Q' or Q' C Q. Without loss of generality, Q C Q'. Therefore, Q+ c Q'. It follows 
that 6 Q / > 25 Q > 2. Also, since Q G CZ, we have 3Q+ D Q°, hence 3Q' D Q°. Thus, 
Q' ^ CZ, yielding the desired contradiction. 

Obviously, each Q G CZ is disjoint from Q°, which completes the proof of Claim 1. 

Proof of Claim 2: Let Q G CZ. Then 9Q D 3Q+ d Q°. 

Proof of Claim 3: For the sake of contradiction, suppose that Q, Q' G CZ satisfy cl(Q) D 
cl(Q') ^ and 6 Q , > 45 Q . It follows that 3Q+ c 3Q'. Therefore, since Q° c 3Q+, we have 
Q° C 3Q'. Note that Sq/ > 4. Therefore, Q' ^ CZ, yielding the desired contradiction. 

Proof of Claim 4: For any cube Q that satisfies cl(Q) n 3Q° ^ and 5q > 1, we have 
3Q+ d Q°. If Q is also dyadic with 5 Q = 1 and Q ^ Q°, then we have Q G CZ by 
definition. 

Let us define 

CZ+ = CZ° U CZ. 
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From Claim 1 and the fact that CZ° is a dyadic decomposition of Q°, it follows that CZ + 
is a dyadic decomposition of IR n . 

The following is immediate from Claims 3,4, the Good Geometry of CZ° (Lemma |5.2[) 
and the last bullet point in Lemma l53l 

If Q,Q' G CZ + satisfy cl(Q) nd(Q') ^ 0, then 5 Q /6 Q / g [1/64,64]. 

Therefore, 

if Q, Q' G CZ+ satisfy (1 + 1(T 5 )Q n (1 + KT 5 )Q' / 0, then cl(Q) n cl(Q') ^ 0. (3) 
Thus, by the last two lines, 

if Q, Q' G CZ+ satisfy (1 + 1(T 5 )Q n (1 + KT 5 )Q' ^ 0, then S Q /5 Q , G [1/64,64]. (4) 
It follows that CZ + satisfies the first bullet point at the beginning of section [6] with c G := 

io- 6 . 

From (HEP), we have #(E n 9Q) > 2 for every Q G CZ°. Also, from Claim 3 and E c Q° 
we have #(E n 9Q) = #(E) > 2 for every Q G CZ. Thus, CZ+ and Ecf satisfy the 
second and third bullet points at the beginning of section [6j 

Define the keystone cubes for CZ + as in section [6] 

CZ£ ey = {Q G CZ + : 6 Q / > 6 Q for every Q' G CZ+ that meets 100Q}. 

Since each Q G CZ satisfies Sq > 1 and 3Q + D Q°, there must exist cubes Q' G CZ° with 
Q'n 1 00Q and 6q/ < ^5q. (Here, we also use the fact that CZ° partitions Q° into cubes 
of sidelength < j.) Consequently, 

cz+ ey c cr ker (5) 

From Proposition [H we find a subcollection CZ^ pecial C CZ + , and an assignment to each 
Q v G CZ° (y = 1 , . . . , v max ) of a sequence S v = (Q v ,i> • • • > Qv.u) of cubes, such that the 
following properties hold. 

(a) CZgp ecial contains at most C ■ N distinct cubes. 

(b) Q V)1 = Q y and Q v , Lv G CZ^ ey ; each Q v ,k belongs to CZ+; 

(1 + KT 6 )Q Vil n (1 + 1(T 6 )Q v , l+1 ^ for every 1 < I < L y ] and (6) 
6 a < C- (1 -c) k - l &„ for1<l<k<L v . (7) 
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(c) If Q v , Q v G CZ° \ CZ+ pedal satisfy (1 + 1Q- 6 )Q V n (1 + 10- 6 )Q V , ± 0, then Q V|U = 

Suppose that Q y G CZ° \ CZ£ ey is such that S v contains at least one cube from CZ. In 
this case, we define a(v) to be the first index a G {!,..., L v } such that Q v , a G CZ, and 
define b(v) to be the last index b G {1 , . . . , L v } such that Q vb G CZ. 

Note that Q v ,i = Q v G CZ°, and Q v , Lv G CZ°, thanks to (b) and ©. Therefore, 1 < 
aM < b(-v) < L v . Since Q v ,q(v) G CZ and Q v ,q(v)-i G CZ°, by (© and ([6]) it follows that the 
cube Q v ,a(v)-i must touch the boundary of Q°. Likewise, Q V)b ( V )+i £ CZ° must touch the 
boundary of Q°. 

In view of the last bullet point in Lemma 15.31 we may choose a sequence of CZ° cubes 
Qv,a(v)-i > • ■ ■ » Qv,s(v)+i ) of bounded length (i.e., s[~v) — a(v) < C) that connects 
Qv,a(v)-i with Q v ,b(v)+i such that each of the Q V; k touches the boundary of Q°. That is, 
we can arrange for 

Qv,q(v)-1 = Qv,a(v]-1 and Q v ,s(v)+1 = Qv,b(v)+l', (8) 

(1 + KT 6 )Q Y , k n (1 + 10- 6 )Q v , k+1 ^ for all a(v) - 1 < k < s(v); (9) 
Q V)k G CZ° for each k = a(v) - 1, . . .,s(v) + 1; and (10) 
s(v)-a(v)<C. (11) 

Define the sequence of CZ° cubes 

<Sy = (Qv,1> Qv,2> • • • j Qv,aM-2» Qv,a(v)-1 j • • • > Qv,s(v)+h Qv,b(v)+2, • • ■ , Qv,L v )- 

Note that the starting cube Q V) i and the terminating cube Q v ,l v of the sequence S v have 
not been changed, thanks to ©. Also, note that consecutive cubes from S y are neighbors 
(they have intersecting closures), due to (O,©,©,®. Thanks to (|7|), (|TT) and the Good 
Geometry of the CZ° cubes, the sequence S y satisfies the inequality from (Kl). Thus, we 
have defined S y for each Q y G CZ° \ CZ^ ey such that S y contains cubes from CZ, and we 
have proven that S y satisfies (Kl). 

For any cube Q y G CZ° \ CZ£ ey such that the path S y contains no cubes from CZ, we 
simply take S y = S y . Then (Kl) holds in view of (b). 

For any cube Q y G CZ£ ey , we take L v = 1 and S y = (Q v ,i) = (Qv)- Clearly, (Kl) holds 
in this case. 
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Thus, we have defined S y for each y, and established (Kl) in all cases. Also, (K3) clearly 
holds. Thanks to Proposition [T] and the fact that each Q y has boundedly many neighbors, 
we obtain 



#{(Qv,Qv)e [cZ°\CZ£ ey ] 2 : Q V <->Q V ,, Q V(U + Q y , )tyt } < C • #(CZ; 
Note that #(CZg ial ) < C ■ N by definition. Similarly, we have 

# {(Q v , Qv') G CZ^ ey x CZ° : Qv <-> Qv} < C • #(CZ£ ey ). 



special - 1 



Thanks to (|5I1|) , to each Q G CZ£ ey we ma Y ass ig n a point ijq G E n 10Q. Lemma [7Tl 



shows that the preimage of each y G E has cardinality at most a universal constant. Thus, 
#(CZ£ ey ) < C ■ N, which together with the previous two lines establishes (K2). 

This completes the proof of Proposition |2l ■ 

Recall that {Q\, . . . , Qf lmax } denotes the keystone cubes. Using the map K. : CZ° — > CZ£ ey 
from Proposition |2] we produce a map on indices K : {1, . . . , v max } — > {1 , . . . , |J. max } defined 
by/C(Qv) = Q» , 



8. Representatives 

Since Q v is OK, the subset E n 3Q y lies on the zero set of a nondegenerate smooth 
function with small norm. Using this fact we prove the next result. 

Lemma 8.1. For each v — 1, . . . , v max , there exists x y G ^Q V / such that dist[x y , E) > c'5q v . 

Proof. Fix v G {1, . . . , v max }. If E n (1 /4)Q V = 0, then we take x y to be the center of Q v 
and reach the desired conclusion. Thus, we may assume that En (1/4)Q V ^ 0. Let 
tjv G E fi (l/4)Q v be fixed. 

If #(E n 3Qv) < 1 then the conclusion of the lemma is obvious. Thus we may assume 
that #(E fl 3Qv) > 2. Thus, because Q v is OK there exists an [A,y y , eo,306Q v )-basis for 
cr(Uv, Efi3Qv), for some A < A. Since A < A and the empty set is maximal under the order 
<, we may choose a multi-index a G A. From the definition of an (A, y v , e , 306Q v )-basis 
(see (B1),(B2)), we have a polynomial 

P« G Ceo&^ + ^~ m ■ o{y y , E n 3Q V ) with 3 a °P ao (Uv) = 1 . 
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Choose <x' E M with 

|3 a 'P ao (yv)|6^ > |a p P«o(yv)|6'£ for all |3 G M. 
Placing (3 = (X in the inequality above, we obtain 

\d«'V ao (y y )\ > |3^P ao (-yv)|6 l S Ha ' 1 = 6£ Ha ''. 
Define P = [3 a P ao [y y )] 1 ■ P„ . Then the above three lines imply that 
P G Ce S^ +loi ' l - m • a(i)„En 3Q V ); 3 a 'P(u„) = 1; and 
|3 p P(y v )| < S£ HPI forall(3e7W. 
By definition of a(-y v , E n 3Q Y ), there exists cp G L m '?(M n ) with 

cp = on E n 3Q V and J yv ((p) = P; (la) 
|3 p (p(-y v )| < 6^ HPI for all |3 G M; and (lb) 

ll ll ^ r* cn/p+|a'|— m /-, \ 

IMIl-.p(r-) < Ce 6Q v p . (lc) 

Applying Bernstein's inequality to the polynomial P G V, we have 

max |9 a 'P| < 5 Ha '' max |P| (5 > 0). 

B{y v ,6) B(y v ,5) 

Since 3 a P(y v ) = 1, the left-hand side is bounded from below by 1. Therefore, for every 
5 > there exists x s G B(u v , 6) with |P(x 6 )| > c ■ S' a 'L By the Sobolev inequality, 

|(cp-P)(x 5 )| = |(cp-J yv ((p))(x s )| < ||(p|| L -.p( R -)|x6--y.r- n/p 

< S^+^'l-^gm-n/p^ thanks tQ ^ and | X6 _ yv | < 6> 

Thus, 

|cp(x 6 )| > |P(x 6 )| - |(cp - P)(x 6 )| > c • S 1 *' 1 - C6^ p+|a ' hm 6 m - n/15 



5 I«'I . 



c-C 



g \ m— |a'|— n/p 



We now set5 = c 6q v , for some small universal constant c < 1/8, so that |cp(x 5 )| > c"-SqJ 
and 

x 5 G B(u v ,6) C B(y„5 Qv /8) c (1/2) Q v , since u. G (1/4)Q V . 
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Also, ([lb]), (flc) and the Sobolev inequality imply that |Vcp| < C5qJ _1 on 3Q V . Since 
(p = on E n 3Q V , we have 

c" ■ 5qJ < |cp(x 6 )| = |cp(x s ) — (p(x)|< C5qJ _1 ■ |xs — x|, for every x G E n 3Q V . 

Hence, dist(x 6 , E n 3Q V ) > c' ■ 5q v . Thus the conclusion of Lemma IBTTl holds with x y = 
x 6 . ■ 

We have indexed the CZ cubes CZ° and the subcollection of keystone cubes in an ar- 
bitrary manner. Without loss of generality, we may put in place several new indexing 
assumptions. First, we may assume that Qi contains the point z G (1 /8)Q°. If Qi happens 
to be keystone, we also assume that Q| = Qi . To summarize, we have 

z G Qi and if Qi is keystone, then Qi = Q\. (2) 

We make no further assumptions on the indexing of Q^ or Q v . We now define (_L rnin = 2 if 
Qi is keystone and ^ min = 1 otherwise. Thus, {Q^, . . . , Q^ J = {Q» , . . . , Qj^} \ {Q^. 

For each v = 1 , . . . , v max , we define the representative basepoint for the CZ cube Q v : 

X] = z; and x v = x y for v = 2, . . . , v max . 

Similarly, for each \jl = 1 , . . . , \x max , we define the representative basepoint for the keystone 
cube Qjj 

x* = x v , where v G {1 , . . . , v max } is such that = Q v . 

Denote the collection of basepoints E' := {xi, . . . , x Vmax }, and denote the collection of key- 
stone basepoints E" :={x\, . . ., x^^}. 

Lemma 8.2. The following properties hold. 

• xi G Qi and x y G ( 1 /2) Q 

• x v G 0.99Q 

• |Xy — Xy'| > Sq v /8 

Proof. The first and second bullet points follow immediately from Lemma 18.11 Now we 
pass to the third bullet point. From Lemma [53l we have 6q v > Sqo/20 for any Q v that 
touches the boundary of Q°, and hence (1 /2)Q V c 0.99Q for such cubes. 



for v = 2, ... , v max . 
/or v = 2, ... , v max . 
for v = 1 , . . . , v max . 
for v,V = 1, . . ., v max . 
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On the other hand, if cl(Q v ) n 3Q° = then dist(Q v , 3Q°) > S Q o/20. (The cubes Q y 
that touch the boundary of Q° provide a buffer between Q v / and Q° of width Sqo/20.) 
Therefore, Q v , c 0.99Q for such cubes. Thus, x v G (1/2) Q v C 0.99Q for each v = 
2, . . . , "v max . Since Xi = z G (1/8)Q° by definition, we have established the third bullet 
point. 

Finally, the fourth bullet point is an easy consequence of the first bullet point and the 
Good Geometry of CZ°. This concludes the proof of Lemma l&2l ■ 

Henceforth a polynomial written P v , R v , etc., will always denote a jet at x y . Similarly, for 
any subcollection E" = {x Vl , . . . , x Y J C E', we naturally identify tuplets of polynomials 
(P Vl , . . . , Pv.)/ (Rv, , • • • , Rv s ), etc., with Whitney fields on E". 

For P G V, recall the norm defined in (|2I1|) : 

|P| X)6 = Y_ l 9ap ( x )l P • 6 n+(|ahm)p (x G M n , 6 > 0). 

\Ja|<m-l / 

For each y = 1 , . . . , v max , we denote 

IPI ■= IPI 

1 lv ■ 1 'X V ,&Q V • 

Note that |x fl K(v) — x v | < C'5q v , since x y G Q v , x* (v) G Q|[ M and (Kl) from Proposition |2] 
holds (recall that £(Q V ) = Q tt K(v) ). Thus, (EE) yields 

pi. - i p k,,,^ = ( L i 8 " p « M )r ■6" Q : (i - | -^)' /p . <3) 

|a|<m-1 

Similarly, if y' G {1 , . . . , v max } is such that |xv — x y \ < C6q v and 5q v /5q^, g [C _1 , C], then 
by (02]) we have 

IPIv - l p lv • (4) 

In particular, ((D holds if v f-> y'. 



9. A Partition of Unity 

Thanks to the properties of Qi , . . . , Q Vmax and Xi , . . . , x Vmax established in Lemmas 15.21 
15.31 and [8^21 there exists a partition of unity {0 v }v=r C C°°(Q°) that satisfies the following 
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properties. (We leave the construction as an exercise for the interested reader.) 

(POU1) < V < 1. 

(POU2) d y vanishes on Q° \ (1.1 )Q V . 

(POU3) \d a d y \ < C6 Q ' v al whenever |a| < m. 

(POU4) Qy = 1 near x v , and Q y = near {x y i : v' = 1 , . . . , v max , V ^ v}. 

Vmax 

(POU5) Y_ °y = 1 on Q°- 

v=1 

Lemma 9.1 (Patching Estimate). Let G y G L m ' p (1 .1 Q y ) be given for each v = 1, . . ., v max , and 
define 

G(x) := Y_ Gy{x)e y {x) (xeQ°). 

ll^llL m 'P(Q°) ~ II ^ Y llL m .P(1.1Q v ) + — Jx v /(G Y ')| V • 

V=l VHV' 



Proof Fix V G {1 , . . . , v max }. Since ^ 9 V = 1 on Q°, for each x G Q y > we have 



Gfxl = Gfx] — Gv'fx] 



v=1 



G V '(x) = ^_(G V — Gy>){x)dy{x) + G v /(x). 



v=1 



For each x G Qv there are at most a bounded number of 9 V that do not vanish in a 
neighborhood of x (because supp(0 v ) C (1.1) Q^, and from the Good Geometry of the CZ 
cubes). Thus, by taking m th derivatives and integrating p th powers over Qv, we obtain 

"Vmax p 

II g IIl-,p(q v ,)^II g -'IIl-p ( q v )+ L L |a p (G Y -G v )(x)| p |3«e v (x)rdx. (i) 

First we consider a term from the sum in ((T) when v is fixed, ||3| = m and ot = 0. Since 
|8 V | < 1 and Q y is supported in (1 .1 )Q V , we have 



\dHGy - Gv)(x)ne v (x)| p dx < ||G v ||P n 



I "V || T_n 



•f(Q v / 



(2) 
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The remaining terms in the sum arise when |(3| < m — 1 and |<x| = m — |(3| > 1. Since 
|3 a v | < 5q* and 3 a 9 v is supported in (1 .1 )Q Y , the sum of these terms is controlled by 

C Y. L SU P |3 P (Gv-G v 0(x)| p 6^6 Q ( v mHPI)p . (3) 

1^ ^ ioi^ , xgl .1 O v nO,,/ 

1<v<v max |3|<m-1 v Vv 

1.1Q v nQ v ,#0 

Because |x — x v | < 6q v whenever x e (1 .1 )Q V/ and |x — Xvl < Sq v , whenever x G Qv, the 
Sobolev inequality (|2|3|) implies that 

|3P(G.-G V 0W| < |9 p a x JG v )-J Xv/ (Gv))(x)| + ||G v || Lm ,p (1 . 1Qv) 6^ lf5hn/p 

+ ||G v || Lm ,p (Qv;) 5^ hn/13 (|3eM). (4) 

Now summing ((J) over all v with vhv', and using Good Geometry of the CZ cubes, we 
find that (0 is bounded by 



1 <v<v m 

ax 



sup V" 65; (m - |pl)p |3P(J Xv (G v ) - J Xv ,(G Y ,)Xx)| p + ||G v ||[_ m , p(1 , 
xei.iQ.nQ,,,^, 



(Recall that V <-> v' and thus the term from ((J) that contains ||Gv||l™.p(i.iq v ,) appears 
above as is required.) Applying (|2I2|) (recall that |-| v = |-| x 6 ), we may bound the above 
by 

C " Y- [|J"v( G v) - Jx v ,(G v )| v + ||G v ||[ m , p(1 1Qv) . (5) 



1<v<v m ax 

VHV' 



Hence, by inserting the bounds (0) and © in (Q}, and using that each CZ cube has bound- 
edly many neighbors, we have 

H F lllL™>P(Q„,) ~ X. [l^v( G v) - Jx v ,(G v ')| P + ||G v ||[m,p (1 . 1Qv) • (6) 



1<v<v m 

ax 

vf-Kv' 



We now sum © over v' = 1 , . . . , v max . Since the CZ cubes partition Q°, and every CZ 
cube has a bounded number of neighbors, we have 

l|F|lL m 'P(Q°) ~ ^ [l J x ^ (G v ) ~~ Jx v / (G v /) I ^ + || G v ||Lm,p(i jq v ) 
v<-kv' 

"Vmax 

< X. iJ^^Gy) - J Xv ,(G v /)| P f + y~ ||G v || P m , pf1 1n p 

vf-»v' y=] 

as required. ■ 
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Lemma 9.2. Let < a < 1, a cube Q c T and F G L m > p (Q) be given. Then there exists 
G G L m ' p (M n ) wfa'c/z depends linearly on F and satisfies 

G = F on aQ and ||G|| L m, P ( R n) < C • (1 — a)~ m • ||F|| L m, P (Q). 

Moreover, suppose that F = T(f, P) for some linear map T : L m ' p (Er,E 2 ) — > L m > p (Q) with Q- 
assisted bounded depth, for some D. C [L m ' p (Ei)]*. Tnen one may tote G = T'(f, P) /or some 
linear map T' : L m,p (Ei; E 2 ) — > L m ' p (IR n ) wz£h D.-assisted bounded depth. 



Proof. Let y denote the center of Q, and fix a cutoff function 9 G C£°(Q) that satisfies 

9 = 1 on aQ, and (7) 

|a a 9| < ((1 - a)6 Q ) Ha| when \oc\ < m. (8) 

Define G = 8F+ (1 — 8) ■ J y (F) G L m > p (M n ). Then G depends linearly on F, while implies 
that G = F on aQ. 

Since G matches an (m — 1 ) rst degree polynomial on the complement of Q, we have 

II G Hl™.p(Ri) = II ^ II L"^.p(Q) ~ ll^llL m .P(Q) II H ~ ®) ' (Jy (F) ~~ llL m >P(Q) 

£ l|F||?m.P( Q ) + L 5-.((l-a)6 Q r (mHPI)p -sup|3P(F-J y (F))(x)| p . 

|p|<m-1 xeQ 

(In the last inequality the m th order derivatives that fall on ( ] y (F) — F) have been raised to 
the p th power and integrated over Q; these terms are incorporated into ||E||£m,p(Q)0 Thus, 
using the Sobolev inequality we have ||G||im,p( R n.) < (1 — a)~ m • ||F|| L m, P (Q). It remains to 
analyze this construction from the perspective of assisted bounded depth linear maps. 

Suppose that F = T(f, P) depends linearly on some data (f, P) G L m ' p (Er, E 2 ), where T 
has O-assisted bounded depth for some Q. C [L m,p (Ei )]*. Then the function G is given by 
the linear map T'(f, P) := 9T(f, P) + (1 - 9) • J y (T(f, P)). Thus, for each point x6l n there 
exist linear maps ip x , 4> x : V — > V, such that 

I rr'ff P)l = I ^(J x [T(f,P)]) + 4)x(J y [T(f,P)]) :xg Q. 

1 cMJ,[T(f,P)]) :x^Q. 

These maps are defined by t|> x (P) = J X [9P] and cj) x (P) = JxtO - 9)P] for each P G V. Note 
that (0) follows from the containment supp(0) C Q and the observation that J X [9H] = 
ip x (J x H) and J x [(l — 9)H] = 4) X (J X H) for each function H that is C m_1 on a neighborhood 
of x. 
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Because T has O-assisted bounded depth, d9) implies that T' has O-assisted bounded 
depth. This concludes the proof of Lemma 19.21 ■ 



10. Local Extension Operators 

In this section we apply the inductive hypothesis (IH) to construct local extension op- 
erators for functions defined on subsets of E n 3Q V . 

Fix v 6 {1 , . . . , v max } and E Y cEn 3Q V . 

Suppose that #(E v U{x v }) > 3. Since E v c 3Q v andx v e Q v we have 10-diam(E v U{x v }) < 
306 Qv . Also, #(E n 3Q V ) > #(E V ) > 2. By definition, since Q y is OK and #(E n 3Q V ) > 2, 
there exists A y < A such that for all x e E fi 3Q V we have that 

cr (x, E n SQ V ) contains an (A y , x, e , 306q v )-basis =^> (from cr(x, E fi 3Q V ) c cr(x, E v ) ) 
cr(x, E v ) contains an [A yy x, e , 305Q v )-basis => (from the remark in section [372]) 
cr(x, E v ) contains an (Av,x, eo, 10 • diam(E v U {x v }))-basis. 

Thus (|4I1|) holds with E = E v , x = x v and A = A y . From the inductive hypothesis (IH), it 
follows that the Extension Theorem for (E v , x y ) holds, as long as #(E V U {x y }) > 3. 

On the other hand, if #(E V U {x v }) < 2 then Lemma 13721 implies the Extension Theorem 
for (E v ,Xv). 

In any case, for each v = 1 , . . . , v max , and each E v c E n 3Q V , there exists (T v , M v , D. y ) 
with the following properties: 



58 



CHARLES L. FEFFERMAN, ARIE ISRAEL, AND GARVING K. LULI 



(LI) T y : L m ' p (E v ;x v ) -> L m ' p (M n ) is a linear extension operator. 

(L2) || (f v , Pv)||Lm.P(E v ,x v ) — l|Tv(fv> Pv)||L m .P(R n ) < C|| (f v , Pv)||l™.p(E v ,Xv)> aRC ^ 

(L3) C-'M y (f y) ? y ) < ||T v (f v ,P v )|| L ^ P(R n) < CM v (f v ,P v ) for each (f v , P v ). 
(L4) Y_ M">) < C-#[E V ]. 

(L5) T-y has H v -assisted bounded depth. 

(L6) There exists a collection of linear functionals E v c [L m ' p (E v ;x v )]*, so that 

(a) each functional in Z y has n v -assisted bounded depth, 

(b) #(E Y )<C-#(E Y ), and 

(c) Mv(f v ,P v ) = |£,(f V) P v )pj for each (f 

v ) Pv ) • 

We now outline the content of sections [1111191 In section [TO we compute the jet of 
a near optimal extension of f | En9 Q» that is suitably consistent with the polynomial P. We 
can arrange that depends linearly on the local data and P. We then define Ri = P and 

R ^ = R !m fOT each y = 2 ' • • • > ^max- 

We must show that R = (R], . . . , R Vmax ) is the jet on E' of some near optimal extension 
of (f, P). To do so we proceed by several steps. In section [12l we produce some new local 
estimates on the coefficients of the auxiliary polynomials P* . (Recall that the P* are Taylor 
polynomials of linear combinations of the <p a , which vanish on E and have small L m ' p (M n ) 
seminorm.) These new estimates complement the unit-scale estimates on P£ from section 
HI and are localized to the lengthscale 6q for the cube Q e CZ° that contains x. 

In section [13l through an estimate on the size of o^x^, E n 9Qj*J (or dually through an 
estimate on the appropriate trace semi-norm), we bound the error between our guess R^ e 
V and any hypothetical jet R' of a near optimal extension of f | En9 Q» • Thus, we establish 
that RjeP was almost uniquely determined from its constraints and near minimality. 

In section [TH we prove a certain Sobolev inequality that bounds the variance of the 
derivatives of an F E L m ' p (IR n ) along the paths introduced in section This inequality 
and our assumption that the approximate monomials {(p a }aeA vanish on E are then used 
to prove the existence of a near optimal extension of (f, P) whose jet on E' satisfies two 
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additional constraints, termed Constancy Along Paths and Coherence with P. It will be 
the case that R is Constant Along Paths and Coherent with P. 

In section [15l we patch together the local extension operators to build an extension 
operatorT : L m >P(E;E') -> L m ' p (R n ); along the way we develop a formula for the L m,p (E; E') 
trace seminorm. In section [16l we use the results from sections [13] and HH and the formula 
for the trace seminorm from section[l5l to prove that R is the jet on E' of some near optimal 
extension. At this point, we are ready to tackle the main theorems. 

In section H71 we prove the Extension Theorem for (E, z). In section IT8l we prove The- 
orem 1 for finite E, as well as Theorems 2 and 3; we also prove an extension theorem for 
the inhomogeneous Sobolev space. Finally, in section[19]we use a Banach limit to deduce 
Theorem [T]f or infinite sets from the finite case. 

Until the end of section[18l we fix some (arbitrary) data (f, P) G L m ' p (E; z). 



11. Extension Near the Keystone Cubes 



We begin with a simple lemma concerning the minimization of the £ p -norm subject to 
linear constraints. We will work in R N ° +k and denote a vector in R No+k by (w,w') with 
w G R N °, w' G R k . 

Lemma 11.1. Given integers No, k > and linear junctionals Ai , . . . , Al on IR No+k , there exists 
a linear map £, : R N ° — > R k , so that for each w G R N ° we have 

Y \Mw^[w))\ v < C inf ly\Mw,w')\ v \ , wzf/z C = C(k,p). 



i=1 



i=1 



Proof. It suffices to assume that k = 1 , for by iteratively applying this result we obtain the 
full version of the lemma. Write Ai(w, w') = \{w) — a^w', where \ : M N ° — > R is a linear 
functional and Q; G R for each i = 1 , . . . , L. The expression to be minimized is 

L 

y~ Ai(w) - aiw' 

i=1 

By removing those terms that are independent of w', we may assume that at ^ for all 
i = 1 , . . . , L, and rewrite the expression as 



L 

i=1 



Ai(w) 



a; 



I OLi I 



(1) 
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If L ^ 0, then a standard application of Holder's inequality shows that 

, Ai(w)|aiP/ai + --- + A L (w)|a L |Va L 

w = L W] := : — : : — : 

|ai|T + --- + |a L |T 

minimizes ([1]) to within a factor of 2 P+1 . If L = 0, we simply take w' = 0. ■ 

Lemma 11.2. Lei fee a groen keystone cube. Set f ^ = f | En9 Q« . T7iere exzsfs a polynomial 
R^ G P w ith the following properties : 

R^ depends linearly on v and P; (2) 

3 a R^(x^ = 3 a P(x)j /or m>ry cc e .A; (3) 

and 

II (ffi> Rfi) llL m .P(En9Qf l ;xf l ) - W 

Cinf {IK^ROIIl^^qW) a a R'(x{j = d*?[xl) for every a £ a} . 



Proof The main content of the proof consists of showing that the trace seminorm 

IK"fp R )llL m -P(En9Qf,.;xiL) 

is given up to a universal constant factor by an expression of the type 

(iAi(f»,R / )r+--+iMfi,R , )r) 1/p , (6) 

where Ai , . . . , Al are some linear functionals. 

Denote by CZ^ the collection of cubes Q e CZ° such that Q n 100QJ ^ 0. We write 
CZ^ = {Q Vl , . . . , Qv K }/ where Q v , = QL Hence also x Vl = x* By definition of the keystone 
cubes and Lemma l53l we have 

S n ii ^ Sn v < 1 3 6 n tt for each i = 1 ..... K, and hence K < C. (7) 

Let R' 6 T 3 , P Y . e V (i = 2, . . . , K) be arbitrary polynomials. Set P Vl = R'. For each 
i = 1 , . . . , K, we define the following objects: 



• The subset S Vi = E n 9Qj l n 3Q Vi and the function f Vt = f| Sv . . 
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• The map M Vl : L m - P (S Vl ; XyJ K+ that satisfies (Ll-6) for the subset S Vi c E n 3Q Yl 
and the representative x Y . e Q Y . (together with some linear map T v . : L m ' p (S Vt ;x v . ) — > 
L m ^(r) and some collection of linear functionals £1 Y . c [L m '?(S Y J]*). 

From (L2), (L3), (L6), for any i = 1 , . . . K, we have: 

M Yt (f Yl ,P Yl ) = ^XjA{(f Yl ,P Y J|^ - IKfvi.PvJIkm.PCSv^) (8) 

for some linear functionals A' , . . . , A[ l e [L m ' p (S v . ; x Vi )]*. 

Thus, there exists F Vi e L m - p (M n ) with 

F Vi = f Vt on S Yi and J Xv . (F Y J = P Vi ; and (9) 
||F Y J| LmiTW ~ ||(f Vl ,P v J|| ~ M Yl (f Yl ,P Y J. (10) 

Suppose that Q e CZ° satisfies Q n 100QJ = and (1.1 )Q n 9Q»_ ^ 0. Hence, 5 Q > 
1 0OSgtt • However, this contradicts the second bullet point in Lemma l53l Therefore, Q ^ 
CZl => (1.1 )Q c R n \9Ql. Thus, by (POU2)wehave 

6 Y = on 9Q« t nQ° forvG{1,...,v max }\{v 1 ,...,v K }. (11) 

Define F° e L m '?(Q°)by 

K 

F°(x):=^F Vi (x)9 Vi (x) + ^ R'(x)9 v (x) (x e Q°). 

i=1 v0{vt ,...,v k } 

From (POU2), ® and the definition of S n , we have F Y . = f Y . on supp(9 v J n E n 9Q{ 1 . 
Hence, from (POU5) and (H), we have F° = f» on E n 9Q«. (recall that E c (1/8)Q°). 

From (POU4) and ([9]), we find that J Xv . (F°) = P Yi for each i = 1 , . . . , K. To summarize, 
we have 

F° = f» on E n 9Ql and J Xn (F°) = P Xn for each i = 1, . . ., K. (12) 

We prepare to estimate the seminorm ||F || L m, P( Qo) using Lemma [9TT1 

Take G v = F Y when v e {v, , . . . , v K }, and G Y = R' when y e {1 , . . . , v max } \ {v h . . . , v K }. 
Lemma [9TT1 provides the estimate: 

^max 

11^" llL m 'P(Q°) ^ ^~ II ^ v lli- m -pn.io„) ^~ I J*v (G Y ) — J Xv , (G Y /) | y . 

V = 1 VHV' 
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The terms with v £ {y-\, . . . , v K } and v, V {v-\ , . . . , v K } in the first and second sum van- 
ish, respectively. In view of (|9]), the remaining terms in the second sum are of the form 
|Pv - Pvlv a nd \P y - R'Z (v, v' E {v b . . . , v K }). (Here, we also use (EH).) Thus, 



K K 



P 



II F° II 13 < V IIF ll p + V IP — P 

II r llL m .P(Q°) ~ /_ ll r nllL m -P(l.1Q n ) ^ Z_ I Vi 
i=1 1,3=1 

K K 

~ ^ Mv t (f vt , P.J P + ^ |P Vt - P Vj |* (thanks to ©). 

i=1 i,j=1 

Lemma 19^1 yields F e L m ' p (R n ) such that F = F° on0.99Q° and ||F|| L ^p (R ^ < C||F || L m, P(Qo) . 
Therefore, 

K K 

1=1 y=i 
Recall that EUE'c 0.99Q (see 0EJ and Lemma Q. Thus, (O yields 

F = fj on F_ n 9Q^ and J Xv . (F) = P v . for each i = 1 , . . . , K. (14) 

Let H G L m ' p (IR n ) be an arbitrary function that satisfies 

© H = fj on E n 9Ql and J Xv . (H) = P Y . , for each i = 1 , . . . , K. 
From (fTO) and the definition of the trace seminorm, we have 

M Vi (f Vi ,P v J p ~||(f Vl ,P v J|| p < ||H|| p m , p(Rn) , foreachi=1,...,K, 
while the Sobolev inequality implies that 



Pv, -Pv, 



IP 



JxvJH)-J x (H) < ||H|| p m , p(Rn] , for each i, j = 1,...,K. 



(Here, we use and x Vl E Qv r ) Summing these two estimates over i, j E {1 , . . . , K}, and 
using ©, provides a bound on the right-hand side of ((T3|) by C||H|| p m , p(Rn) . We now take 
F^ := {x Vl , . . . ,Xy K }. Taking the infimum in this estimate, with respect to H E L m ' p (R n ) 
that satisfy ©, we have 

K K 

Y_ M vi (f v „ p.j p + y_ K - \l $ II ( f l ( p vJM It 



1=1 1,3=1 



-P(En9Q» l ;E;) 
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Together with (0 and CH), this tells us that 



K K 

Y_ M Vi (f Vi , ? yi )v + y_ K - ^ i; - II W> (PvJw) II^p^q^) • 

1=1 l,j=1 

For every R' E V, the definition of the trace seminorm gives 

II M> R ') ll^(En 9 Q W ) = ^ { 'I II^CEn9Q»;E t ) : G VVh(E^) , P v , = R'} . 

Thus, by the last two lines and ©, we have 

II M> R IIl^qM) - inf |L L l A l^> p vJI P + L |P-v* - N i; = (PvJ^i G Wh^), P V1 

I i=1 j=1 1,3=1 

By an application of Lemma 111 .11 we can solve for (Pvj£=2 ma * depends linearly on 
(f^, R') and minimizes the expression inside the infimum to within the multiplicative fac- 
tor C(p, k); note that we are solving for k = dim('P) ■ (K — 1 ) real variables. In view of ©, 
the constant C(k, p) from the lemma is universal and we have shown that 

L 

11(4*0 IP i t - Y IMf^RT, (15) 

1=1 

for some integer L and some linear functionals Ai , . . . , Al- 

We apply Lemma 111. II once more to solve for R' = R^ e V that depends linearly on 
("4 P), and minimizes the right-hand side of ((T5l> to within a multiplicative factor C(p, k), 
subject to the condition [3 a R^(x^) = 3 a P(x^) for all a e A]. In this case, we solve for 
the remaining k = dim('P) — #[A) coefficients of the polynomial R^. Again, the constant 
C(k,p) is universal. It follows that R^ satisfies © and (|4|). This concludes the proof of 
Lemma HL21 ■ 



12. Estimates for Auxiliary Polynomials 
Recall that for each x e Q° we defined polynomials (P*) ae .A that satisfy d4|16|) - (|4ll7d|) . 
Lemma 12.1. Let Q e CZ° be fixed. Then, the following estimate holds: 

'Q 



|3Pp«(y)| < C6' aHPI [«,e A, fieM,ye Q). 



Proof Define E+ := (E n 3Q+) U {y}, and let x e E+ be arbitrary. From (l4lT7al) - (l4ll7d|) . it 



follows that the collection (P* ) ae ^ forms an (.4., x, Ce, 1 )-basis for cr(x, E). Set C = 30 m C. 
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Then, by the definition of (A, x, Ce, 1)-bases, (P*) a g.A forms an (.4, x, C'e, 30)-basis for 
cr(x, E). Since the dyadic cube Q + c Q° satisfies 5q+ < Sqo = 1, by the remark in section 
«)<xe.A forms an (.4, x, C'e, 30SQ+)-basis for cr(x, E), hence also for cr(x, E D 3Q + ). 

Define ei = min{ci , €q/C-\}, where Ci and Ci are the constants from Lemma [33] For the 
sake of contradiction, suppose that 

max{|3 p P£(y)| • (30S Q+ f Ha| : y G E + , oc G A, |3 G M} > ef 0-1 . 

We assume that e < ef D+2 /C. Then the hypotheses of Lemma l33l hold with the parame- 
ters 

(e, , e 2 , 6, ^4, E, , E 2 , (P*) aeAxeE2 ) := (ei , C'e, 305 Q+ , A E n 3Q+, E+, (P^« eAxeE+ ) ■ 

Thus, there exists A < A, such that cr(x, E n 3Q + ) contains an (.4, x, Q ei , 305Q+)-basis for 
all x G E + . Since C^ < e , we deduce that Q + is OK. This contradicts Q G CZ°, and 
completes the proof of Lemma I12.ll ■ 



13. Estimates for Local Extensions 

Lemma 13.1. Let Q G CZ° \ {Qj} and let xq be f/ze representative point for Q. Then for every 
P eV,we have 

||(0|En1.1Q>P)|k^.P(En1.1Q;x Q ) < || (0|e, P) 1 1 L"VP (E;x Q ) < |P| Xq ,S q • CO 

Moreover, ifVeV satisfies 3 k P(xq) = 0/or all ctei, then 

IK0| En9 Q,P)||L-.P(En9Q; XQ ) ^ I P I Xq ,5 q ■ ( 2 ) 



Proo/. Since Q ^ Qi we have that xq ^ xj = z. Thus, by the properties of the representa- 
tive points listed in Lemma l&2l there exists G Cg°(Q) with 

= in a neighborhood of E; (3) 
= 1 in a neighborhood of Xq; and (4) 

|3 a 0| < S Q |a| when |<x| < m. (5) 
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Define H := 0P. By a straightforward calculation using supp(0) C Q and ©, we have 

IIHII P < V l3 a P(xM)l p 5 n ~ (mHtx|)p - TlPl 

H rl Hlm,p( R n) ~ /— 1 r ^ X Q J I °Q ~~ l r lx c 



"Q,Sq 



a|<m— 1 

Moreover, (|3]) and HI show that H is a competitor in the infimum that defines 

||(0|e,P)||l^p(E;x q ) := inf {||G|| L m, P(R n) : G| E = 0, J XQ G = P} , 

and therefore 

||(0|e> P)||l™.P(E;xq) < ||H|| L m, P(K n) < |P| XQ)6q • 

Finally, by definition of the trace seminorm we have 

||(0|En(1.1)Q)P)||l_ m .P(En1.1Q;x Q ) < || (0|eh9Q, P) |k™.P(En9Q;x Q ) < || (0|e, P) || L™.p(E;x q ) ■ (6) 

This completes the proof of (dJ. 

To prove ©, we let P G V be given with 

3 a P(x Q ) =0 for all a 6 A, (7) 

and establish the reverse inequality 

||(0kn9Qj P)|k m .P(En9Q;x Q ) > C |P| XQ)6q • (8) 

From the definition of cr(-, •) and the definition of the trace seminorm, we have 

{?eV: ||(0| En9Q ,P)|| L1 a, P(En9Q . XQ) < 1/2} c ct(x q , En 9Q). (9) 

Let ei > be some small universal constant, to be determined by the end of the proof. 
For the sake of contradiction, suppose that © fails with c = e° +1 , for some P G V that 
satisfies ©• Upon rescaling P and using (O, we see that 



P G Ce° +1 • a (xq, E n 9Q) ; and (10) 

1 1 R n/ ' 



max 



3 p P(x Q )|6" /p+lphm Ul. (11) 



For each integer I > 0, we define 

.S+W-m 



A, = {aeM: |3 a P(x Q )|5^ +W m G [e\, 1]} . 



Note that A t c for each £ > and that A« ^ f or £ > 1 by <|TT>. Since M contains 
D elements, there exists < £* < D with A (t = Af„ +1 ^ 0. Let a G Xbe the maximal 
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element of A^ . Thus, 



-n/p+|a|— m 



>e-. 



Moreover, for every |3 G M with (3 > a, we have |3 ^ At, = A ft+1 , and hence 

|9 p P(x Q )|65 /p+lphm < e<* +1 ((3 6M,|3 > a). 

Thanks to (|T2|), we may define P^ := [3 a P(xcO] 1 P> Hence, 

9 k P*(xq) = 1, 

while ([T0]),CL2]) and < D imply that 

P^ GC e 1 6^ l+n/p - m .cT(x Q ,En9Q). 
Thus, there exists (p^ G L m >P(IR n ) with 

(Pa = on E (1 9Q; 
J XQ ((P«) = P«; and 

II II s' n c|a|+n/p— m 

|| (Pa || L m .P(R n ) 5: <-£l0Q 

From (HD,© and (0,CL3]>, we obtain 

|3 p Pa(x Q )| < e^ D 5^ HPI (|3G.M),and 

|3 p Pa(x Q )|< ei 5^ HPI (|3GM,|3>a), 

while and CG} yield 



a ^ A. 

Let x G E n 9Q be arbitrary Define P^- = J x (cp«). Thus, 

3 P P^M- Y. ^T 9p+yp «^Q)-^-^Q) y =|3 p P^x)-3Pp s (x) 



M<m— 1- 



= |3 p cp«(x) - 3 p J XQ (cp 5 )(x)| < Ce^ ■ 5 g l+n/p - m • |x - x^'v-W 
< C" ei • 6^ HPI (|3gM). 
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(Here, we have used ((T6|) ; (fT7[) and the standard Sobolev inequality; and |x — Xq| < C6q.) 
By (fl5l) ,([17 )) : inserting l[14 |) ,(|T9 |) into gTJ; and inserting ([18]> into (ED, we have 

PlGC 3 e 1 -6^- m -cT(x,En9Q); 



x) - Seal < C 3 ei ■ 5 



loci— II 



«H|3| 



(|3GM,P>a); and 
(|3 eM). 



|3 p Pl(x)|<C 3 e^ D -6 Q 

We recall the defining properties (|4ll7a|) - (|4ll7d|) of the polynomials P* : 

P*G C'e-a(x,E) (aei); 

= 6a|3 



|3 p P x Jx)| < C'e 
|3 p P x Jx)| < C 



a, (3 G A); 
aG A |3 G .M, (3 > a); and 
ixGi, (3 G M). 



(22) 
(23) 
(24) 

(25a) 
(25b) 
(25c) 
(25d) 



Let Q' G CZ° be such that x G Q'. Then 9Q n Q' ^ 0, since x G 9Q. Thus 6 Q / < 505 Q/ 
thanks to the second bullet point in Lemma l53l Also, |9^P£(x)| < CSq, - " 3 ' for cc G A, 
(3 G .M, thanks to Lemma fl2.il Thus, we have |3 p PJ(x)| < C'Sq 1- " 3 ' for every ocGi and 



|3 GM with | (3 1 < |a.|. In combination with (|25d|) this gives 



|3 p P«W| < C's£ HPI (a G A (3 G A<). 

(Here, we use that 6 Q < 1 since Q c Q° = (0, l] n .) 
Define the polynomial 

a.£A,a.<a. 



(26) 



D c]<x|— |a| 



•C'e 



a(x,En9Q) 



From (I22l> . (l24l) , (l25a1) , we obtain 

P|G [c 3 e 1 -6^- m + Y. [ C ^i 

oi£A,<x<a 

C C 4 [ ei + ee^ D ] ■ 8™ +n/v - m ■ a(x, E n 9Q). 

(Here, we have also used cr(x, E) c cx(x, E n 9QJ and |a| < ra — 1 < m — n/p.) 
For each (3 G A (3 < cc, by (|25b|) we have 

aPpj(x) - 3 p P^(x) - 3Ppi(x) = 0. 



(27) 



(28) 
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Let |3 G M with |3 > a be given. Note that if cx G .A and a < a, then a < (3. We estimate 

|3 p P^(x)-5^|<|3 p P^(x)-5^| + Y_ |9 a P|W|-|3 P PM| 

ae„4,a<a 

-|oc| — 1 13| . 



< C 3ei ■ 5 



Y_ C 3 ef D ■ 6'Q h|a| • C'e (thanks to d23j, (2D, (|25c1) 1 



< C 4 [ei + ef D e] • s£ Hpl (since ct < |3 =^ |o| < |(3|). (29) 



a&A,a<a 
■IB 

On the other hand, consider (3 G arbitrary. We estimate 

|3 p P|(x)| < |3 p P*(x)| + l3 a P^WI-|3 p PaWI 



ae*4,a<a 



< C 3 e^ D 6j HPI 



< C 4 er D ■ 6^ HPI 



a|— |a| 

Q 



• C'sg 1 lpl (thanks to (O, @5 



(30) 



Define i = {a e i : <x < <x} U {cx}. From (|20[) and the definition of the order on multi- 
index sets, we have 

A < A. (31) 



For small enough e and ei such that e < e? +1 , by (O we have |3 a P^(x)| > 1/2. Thus, 
the following polynomial is well-defined: 



3 a PJ(x) 



■ P-. 

a' 



Thanks to (|27 |) - ((3"0~1) , these properties are immediate 



% G 2C 4 • [e, + eer D ] • 8 ] ^- m a(x, E n 9Q); 



3 p fe( 



'(3 a 



al-IPI 



|3 p P*(x)|<2C 4 - [ ei + e7 D e] • 5g 
|3 p %(x)|<2C 4 -er D -5^ HPI 



For each aei\ {a}, we define the polynomial 



((3 G .M, (3 > a); and 
(|3GM). 



(32a) 
(32b) 
(32c) 
(32d) 



K = K - [^K W] • % 

Then, we have 

3*P*(x) = 3"P*(x) - [3"P*(x)j • a*P£(x) = (thanks to (|32b])l. 



(33) 
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For (3 G A \ {a}, we have 

a p P*(x) = 9 p P*(x) - [3*P£(x)] ■ 3 p P|W = 6 pa (thanks to ((250), (|32b) 1. (34) 
Note that a < a, because a6 A\ {a}. Thus, for each |3 G .M with (3 > a, we obtain 



|3 p P«(x)| < C'e + [C'e] • 2C 4 er° • s£ HPI (thanks to ((253), (l32dl) l 



<C 5 e-er D -6' aHPI 



(since |a| < |a|, |cx| < ||3|). 



(35) 



Finally, from (|25a|) , (|25d|) , (|32a|) , we obtain 



1 rv ^— 



C'e + [C / ]-2C 4 -(e 1 + eer D )-5 



|<x|+n/p— m 



a(x,En9Q). 



We may assume that e < . Note that |a| < |<x|, |a| + n/p — m < and Sq < 1 . Therefore, 



P* G C 5 ■ [ ei + ee^ D ] • 6 



a|+n/p— m 



a(x,En9Q). 



(36) 



Recall that x G En9Q was arbitrary Thus, from (l32al>,(l32b1),(l32cT> and (HU)-©, it follows 
that (P*) ae ^ forms an (*4,x, C 6 - [ei + e 1 " D e], Sq+j-basis for a(x, En 9Q) for each x G En9Q, 
hence for a(x, E n 3Q+) for each x G En 3Q+. (Here, we use that E n 3Q+ C E n 9Q.) 

Fix ei small enough so that the preceding arguments hold, and so that ei < eo/2C6. 
We may assume that e < e° +1 . Therefore, cr(x, E n 3Q + ) contains an [A, x, eo, SQ+)-basis 
for each x G E n 3Q + . Since A < A, by definition the cube Q + is OK, which contradicts 
the hypothesis that Q G CZ°. This completes the proof of ©, which was the unverified 
inequality in (0). The proof of Lemma [13. II is now complete. ■ 



14. The Jet of a Near Optimal Extension I 

14.1. Another Sobolev Inequality. Proposition |2] produces for each Q v an associated 
keystone cube /C(Q V ) = Q k m and a finite sequence of CZ cubes S y = (Q v ,i, • • • , Qv,u)/ 
such that 

Qv = Qv,i <->•••<-» Qv.lv = Q' K(V) , with 

6 Qv , k < C(l - c) k - j 6 Qv . for all 1 < j < k < L v , where (1) 
C > and < c < 1 are universal constants. 

Lemma 14.1. Let F G L m 'P(Q°). Then 



£|jx.(F)-j x , (f; 



V=1 



< IIFII P 

~ II 1 llL m 'P(Q° 
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Proof. By applying (|8I3|) , we have 



X:=£|j x JF)-J xB (F) P <£ |3 a [j x JF)-J xB (F) 



V=1 



v=1 |a|<m— I 



k(v) 



-n-(m-|a|)p 



• (2) 



Let x V; k denote the representative point for Q v ,k- We fix some universal constant e' G 
(0, 1 — n/p). Note that x V]Lv = xjL v w since Q v ,u — QkM* Thus the right-hand side of |2j) is 
given by 



V - V - cn-(m-|a|)p 

2— 2_ °Qv 



v=1 |a|<m— 1 



U-1 



L 9a yfi-Kwin] (<vj)-c 



(m-|a|)+e' c -^+(m- 
' On 

k ^v,k 



< 



L L « 

v=1 |a|<m— 1 



n— (m— |a|)p 



k=1 



£ k [J^OO - k, k+1 (F)] (x! (v) )| P ■ 

p/p' 

TIT) ' . f i u / / / 

L 6 



22-+(m-|a|)p'-e'p' 
Qv,k 



k=1 



^by Holder's inequality; here, p' is the dual exponent to p, so that — - + — 
From ((TJ, we have 8q v k < C(l — c) k 6Q v . Thus, using e' < 1 — n/p, we obtain 



n— (m— |a|)p c— n+(m— |a|)p— e'p 



Lv-1 



k=1 



v=1 |a|<m— 1 

Vmax L-v 1 

= L 5 q:' p L L |3 a [Kkm-K k+ ,(F)](x« K 

v=1 k=l |a|<m— 1 

"Vmax L.v 1 

= L S Q :' P L 5 Qi,k I k [i^oo - k w (F)] (x« 



Z F [Jxv, JF) - Jx v>k+ , (F)] (x« ( 



-n— (m— |a|)p+ 



^ on- (m— |a|)p+e'p 

' °Q^,k 



-n-(m-|«|)p 



v=1 



k=1 



|a|<m— 1 



Thanks to ((TJ it follows that |x V;k — xK, \ < C5q v k (recall that x V)k G Q V)k and xj[ M 
Therefore, continuing from ^ and applying (|2I2[) , we have 



(3) 



U-1 



x s L 5 Q :' P L 5 Q':,k L |3 a [k,k(F)-k, k+1 (F)](x V)k )r6 



P x u-(m-|a|)p 
Q V) k 



-v=1 k=1 

"Vmax l-v 1 



|a|<m-1 



L 5 Q. P5 Qv |W F ) ~ W(F)|^_ §q _ 1q v =Q v>1£ AQ v ,=Q v , k+ , 



(4) 
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Thanks to ((D, any given Q v can arise as Qy^ (for fixed y) for at most C distinct k. Thus, 
from ((U we obtain 

^max 

X ~ X. H ( 5 Q-/ 5 qJ £ P ' | Jx-C^) - Jx v ,(H|x_s Q _ " l31cs.t.Q v =Q v , 1( .AQ v ,=Q v , 1( . + T 
v<->v' v=1 

If there exists k such that Qy = Q y ,\, then 6q v > c6q v and Qv C CQ V , as follows from ((T]). 
Therefore, we obtain 

x < Y_ I w p ) - w^)ILs Q _-L { (y*) P : d y adic Q s - L 6 q ^ c5 q- and c c Qf • 

The inner sum is at most C, for each fixed y; hence, 

Vf-fv' vf^v' 

(thanks to f|2l[3l ); we also use x v G Qy> £ Qv an d the Good Geometry of the CZ cubes) 

< IIFII P 

no II 1 llL m .P(Q°) 

(thanks to the first bullet point in Lemma [53] and Good Geometry of the CZ cubes). 
This completes the proof of Lemma Fl4.il ■ 

14.2. New Constraints on Extensions. Every Whitney field P G Wh(E') has a natural 
restriction, denoted P" G WhfE 11 ), to the keystone representative points E a = {x^ : \i = 
1 , • • • , M-max}- That is, 

P^ = P v , where y G {1 , . . . , v max } is such that Q y = Q^. (5) 

Definition 13. Let P = (P Y )^f G Wfe(E') and P G P. We say tfwf P is Coherent with P 
provided that 

?^ = P, and 3 a P^xJ) = 9 a P(x[j /or |a. = 1 , . . . , n max , and ot G A 
We say iizai P is Constant Along Paths provided that 

Similarly, we say that a function F G L m ' p (R n ) is Coherent with P when Je'(F) is Coherent with 
P, wrtiie we say f/ia£ F is Constant Along Paths when } E / (F) is Constant Along Paths. 

The main result of this section states that there always exist near optimal extensions of 
the data (f, P) that are Coherent with P and Constant Along Paths. 
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Propositions. Given (f, P) e L m ' v {I.; z), there exists? e V n ' v {M. n ) with the following properties: 
(i) F extends the data (f, P). 

(ZZ) ||F||]_m,p( R n) < C" || (f, P)||l_ m .P(E;z)- 

(zzz) F z's Coherent with P. 

fro) F z's Constant Along Paths. 



Proof. By subtracting P|e from f and subtracting P from the F that we seek, we may assume 
that P = 0. For the remainder of the proof of Proposition [3], ||(-, -)|| denotes the trace 
seminorm on L m ' p (F;z). 

First we draw some immediate conclusions from subsection 14. 11 Denote the (C, Ce) 
near-triangular matrix A v = A Xv from (|4|16|) for each y = 1 , . . . , v max . Then (|4I7|) - (|4|9|) and 
(|4ll6|) - (|4ll7d|) imply that the following properties are satisfied by the function 

yeA 

(p V)0£ = on E, (7) 
J* v (<Pv,«)=P£', and (8) 
9 p <Pv >a (xv) = 6« P (Pe4 (9) 

Note that 0]9]) states that 

||cp T || I m,p (R n ) < e (ye A). (10) 
From ([8]) and Lemma Fl2.il we also have 

|3V,«(x v )| = |3 p P^(x v )| < C5^ HPI (cce A (3 e M,v = 1,...,v max ). (11) 

Since the inverse of a near-triangular matrix is near-triangular with comparable parame- 
ters, by © we have 

<Pv\a = ^Vv.p, where |cu^'| < C for a, (3 e A v,Ve{l,..., v max }. (12) 
fieA 

LetF € L m 'P(M n ) satisfy 

F = f on F and J Z (F) = 0; and (13) 
||F||L-.p(Rn) <2||(f,0)||. (14) 
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We first modify F to a function F that is Coherent with e V. Since } Z (F) = and \z— x v | < 
1 for v = 1 , . . . , v max , the Sobolev inequality (|2I3[) yields a basic estimate on the size of the 
derivatives: 



|3 a F(x v )| = |3 a (F-J z (F))(x.)| <||F|| L „ 



[ote M,v = l,...,v max ). 



We define 



Therefore, 



F v := F — V| 3 a F(x v )(p V)a for each v = 1 , . . . , v r 



a.eA 



Y y #fonE and 3 p F v (x v ) I for all (3 e A. 



(15) 



(16) 



(17) 



Note that xi = z. Thanks to Q3) and CED, it follows that Ft = F. 

Recall the partition of unity {9 v }^f that satisfies (POU1-5). We define F e L m 'P(Q°) by 

'max 

F(x) = ^F v (x)9 v (x) (xeQ°). 

v=1 

The following properties hold: 
F = f on F (thanks to (POU5) and CLZ)). 

J z ? = j xi F = J X1 Ft = J Xl F = (thanks to (POU4) and (13)). (18) 
3l 3 F(x v ) = 3 p F v (x v ) =0 for v = 1, ... , v max , (3 e .4 (thanks to (POU4) and flT7)). 



Thus, F extends the data (f , 0) and F is Coherent with E V. We now turn to estimating 
the A straightforward application of Lemma |9T] shows that 



< 



v=1 



IF ll p 

I 1 v|Il^.p(1.1Q v u1.1Q a 



cn+(|p|-m)p 



-u+(||3|-m)p 



(19) 



H |3 p (F v -F v 0(x, 

thanks to the Sobolev inequality (|2I3|) . (Here, (|2I3|) applies because x v e Q v , x y > £ Q V ' and 

V f4 v'.) 

Let v, y' e {1 , . . . , v max } satisfy v <-> V. To start, we bound the terms from the innermost 
sum on the right-hand side of ((T9|) . Using ((12)) and (|T6|) , we write 



Fv=F- ^ 3 a F(xv)< v /cp^. 



(20) 
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Since A is monotonic, if y G A and \y'\ < m — 1 — \y\, then y + y' e A, and hence 
3 Y+Y (F v /)(xy') = 0, thanks to CLZ|). Thus by a Taylor expansion, we have 



3 y L ,(F v )(x 



Y_ coeff(y,yO • 3 Y+y 'F v (x v • (x v -x v ) y ' =0 (yG4 (21) 

lY'|<m-1-|yl 



For each (3 G .M, we may now bound 

|3P(F v -F v )(x v )| = |^3PF(x v )3Vp(x v )- Y_ 3 a F(x v )<;'3Vp^ 

pe.4 a,|3e.4 



(from CED and flSJp) 



< ^ |3 p (p V)(3 (x^ 
= ^ |3^(p ViP (x v 

I3S.4 

(from ® and 



(from ((21)] 



3PF(x Y )-^3 a F(xv)<^' 



3 p F.W 



J2|a p (Pv,p(xv)| [|3 p (Fv-Jx v ,(F v 0)(^ 



< Y~ s' PH ^6r n/lHPI ||Fv 
pe.4 



V||L m .P(1.1Q v Ul.lQ v ,) 



(from dTTJ and the Sobolev inequality (|2l3)) ] 

<T sm— n/p-|p| || t: ii 

~ °Q V ||r v '||L™.P(1.1Q v Ul.1Q v ,; 



(22) 



Next, we use |A^ y | < C, ©, ((151) , ((161) . the first bullet point in Lemma [531 and the Good 
Geometry of the CZ cubes, to obtain 



y iif n p 



< IIFII P 

rsj II 1 llL m 'P 



.P(1.1Q V U1.1Q, 



< 



L 



v , y ii^ iip npiip 



I™.p(1.1Q v U1.1Q, 



1 1 llL m .P(R n ) 

ye.4 



-i ~ ||F|| P m)P m n i. 



P(1.1Q V U1.1Q V )II ' HL™.P(R n ) 

(23) 



Finally, inserting ([22]) and (|23|) into ((19|) , we have 



F||l_ m .P(Q°) < ||F||L m .P(M^) 



(24) 
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Next we modify F to be Constant Along Paths, without ruining (|T8|) or the control on 
the seminorm. For each v = 2, . . . , "v max , there exists 9 V e Cg°(Q v ) that satisfies 

9 V = 1 in a neighborhood of x v ; (25) 
Q v = in a neighborhood of E U {x v / : V E {1,2, ... , v max }, V ^ v}; and (26) 

(27) 

(Here, the conditions on E' from Lemma [8721 are used.) We define F G L m ' p (Q°) by 



|3 a e v | <5 n |a| when|cc| < ra. 



F = F+ Y~ 9 V - [j x « (F)-J X JF) 



v=2 



It is simple to check that 



(a) F = F + = f on E; this follows from CEH]> and (|26l>. 

(b) F is Coherent with G P; in particular, J Z F = 0; this follows from ((18]) , (|26]> and 
(K3) from Proposition |2l which implies that xj[ (v) = x y when Q y is keystone. 

(c) J Xv (F) = J tt (F) for v = 2, . . . , "v max ; this follows from (|25|) and ((261) together with 
(K3) from Proposition |2l 



We now estimate the seminorm 



IFII P < IIFII P 

I 1 llL m >P(Q°) ~ H HL m >P(Q° 



(from supp(9 v ) c 



< IIFII P 

II 1 llL m .P(Q° 



+ y~ sup 



Y_ sup 



|a+|3|=m 



|3|<m 



3 p (JxjF)-U (F))(x 



K(V) 



6 Q, 



3 P (Jx.(F)-T s (F))(x 



(from (23) 

Vmax p 

< lffll^,P (Q o) + H Jx.(F)-J xS (?) 

^ ' I K(» -y 

(from ( jZED ; recall that |P| V = |P| Xv)6 and |x v — x| < C6q v for any x e 



< IIFII P 

~ II 1 lll_ m >P(Q°) 



(from Lemma I14.1|) . 
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By Lemma US there exists a function F e L m ' p (IR n ) with F = F on 0.99Q and with 

||F|| L m, P { R n) < ||F|| L m,p ( Qo). Thus, we have 

^ _ ~ HI El 

||F||l"M>(R") < ||F||l™.P(Q°) < ||F||l_™.P(Q°) < ||F||l_™,P(Rn) < 2||(f,0)||. 

It follows from FUF' c 0.99Q and (a)-(c) that F extends the data (f , 0), F is Coherent with 
E V and F is Constant Along Paths. This concludes the proof of Proposition |3l ■ 



15. A Constrained Problem 

For each v = 1 , . . . , v max , we define E v = F n (1 .1 )Q V . For a given function f : F — > R, 
we denote f Y = f |e v here and throughout. 

Proposition 4. There exist a linear operator T : L m ' p (F; E') — > L m ' p (IFl n ) and a collection of linear 
junctionals CI' c [L m ' p (E)]*, such that the following hold. 

• T is an extension operator. 

• T is bounded. 

• ^{dp{w') : w' e D.'} < C-#(E). 

• T has Cl'-assisted bounded depth. 

Moreover, 

"Vmax 

ii (f , p) n p ~ y_ ii (f v , p v ) n p + y_ |p> - Pv k • a) 

V = l V<->V' 

Above, ||(f V )Pv)|| denotes the trace seminorm ||(fv>Pv)||L m 'P(E v ;x v ) and ||(f, P)|| denotes the trace 
seminorm ||(f, P) ||l^.p(e ; e')- 

Proof. For each v = 1 , . . . , v max , we apply (Ll-6) from section [10] to the subset E v = E v . 
Thus there exist linear functionals Cl v C [L m ' p (E v )]* and a linear map T v : L m ' p (E v ;x v ) — > 
L m - p (R n ) (with fVassisted bounded depth), such that 

T v (fv, Pv) = fv on E v and J Xy (T v (f v , P v )) = ? y ; and (2) 

||T-v(f v , Pvj||l. m ->P(1.1Qv) — ||T v (fv> Pv)|k m .P(R n ) — ||(fv)Pv)||- (3) 

Using the partition of unity {0 V } that satisfies (POU1-5), we define 

"Vmax 

F°=T°(f,P) = ^T v (f v ,P v )e v . 

v=1 
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Of course, T° : L m - P (E; E') -> L m ' p (Q°) is a linear map. From (POU2) and ©, we have that 
T v (fv, Pv) = f on supp(6 v ) n E. Hence, by (POU5), we have P = f on E. From (POU4) and 
(0, we also have Je'F° = P. To summarize, we have 

F° = f on E and J E ,F° = P. (4) 

From (0, ([3]) and a straightforward application of Lemma 19.11 we have 

"Vmax 

v=1 v<-»v' 

We identify [L m ' p (E Y )] * with a subspace of [L m ' p ( E ) ] * through the natural restriction from 
L m -P(E) to L m > p (E v ), and define 

n'=yn,c [L m > p (E)r. 

v=1 

Since Cl v satisfies (L4) (for the subset E v = E n (1 .1 )Q V ), we obtain 

"Vmax ^max 

^dp(cv)<Y_ Y- dp(o))<^C-#(En(l.l)Q v ), (6) 

wed.' v=l weo.y v=1 

which is bounded by C ■ #(E) due to the first bullet point in Lemma l53l This proves the 
third bullet point of Proposition HI 

Using (POU2), for each fixed x G Q° we obtain a list of cubes Q Vl > • • • > Qv L G CZ° and 
linear maps ipi )X , . . . , ipi_, x :V —>V, such that 

Jx [T° (f , P)] = il) 1)X (J x [T V1 (f Vl , P V1 )]) + ••• + xh,* ( J x [T VL (f VL , P VL )] ) . (7) 

The list Q Vl , . . . , Qv L is composed of the CZ cubes for which x G (1.1) Q Vi (thus, V , , . . . , 9 
include those cutoff functions which do not vanish in a neighborhood of x), and we de- 
fine TjJi, x (P) = Jx(9viP) (i- = 1 , . . . , L). The first bullet point in Lemma 15.31 shows that L 
is controlled by a universal constant. Thus, by and the fact that T Yi has Q Vi -assisted 
bounded depth, the linear map J X T°(-, ■) : L m > p (E; E') — > V has O '-assisted bounded depth. 
Therefore, T° has Q. '-assisted bounded depth. 

Next, we apply Lemma [9721 to the function F° = T°(f, P) G L m ' p (Q°). This gives a linear 
map T : L m ' p (E;E') -> L m ' p (M n ) with II '-assisted bounded depth, for which F = T(f, P) 
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satisfies F = F° on 0.99Q and 

iiriip < II -p° up < y || ff p )||p_i_ y ip _ p ,ip (r\ 

|| 1 || E m,p(]Rn) ^ || 1 ||]_m,p(Qo) ^ / ||l'V) >\J 1 1 ' / I ' V ' v' | v • V°/ 

V=l v<->v' 

From EUE'c 0.99Q and ®, we have 

F = f on F and J E ,(F) = P. (9) 

Thus the first and fourth bullet points in Proposition |4] hold. 

Finally, we must establish ((T) and prove that ||F||im,T>(Rn) lies within a universal constant 
factor of the trace seminorm ||(f, P) || L m,p (E;E /). Let H e L m ' p (M n ) be an arbitrary function 
that satisfies 

© H = f on F and J E /H = P. 

From the Sobolev inequality (|2|3|) and J E /H = P, we have |P V — P V '| V < ||H||[ mjP(1 1 q vU1 1Q ,j. 
Hence, by the Good Geometry of the CZ cubes, we have 

y ~ P^'lv ~ II^IIl™>p(1.1Q v u1.1Q v ,) ~ ll^llL m -P(R n )- (10) 

Note that F v = (1.1)Q v nEc (0.9)(1 .3)Q V and x y e Q v C (0.9)(1.3)Q V . Applying Lemma 
19.21 with Q = (1.3)Q V and a = 0.1 we deduce that || (f v , P v ) || < ||H|| L tn,p [1 3Q v ). Hence, by 
Good Geometry of the CZ cubes, we have 

^max ^max 

^ IKfv)Pv)|| P ^ ll^llLm,p(1 > 3Q v ) ^ l|H||L m , P ( R n)- (11) 

Y=1 V=1 

Adding together (|T0|) and (fTTj) shows that the right-hand side of ® is bounded by C 1 1 H 1 1 p m p 



Taking the infimum with respect to those Fi satisfying ©, we obtain 

"Vmax 

51 HC-Pv,Pv)|| P + X. IP-v-Tv'K < ||(f,P)|| P - 



Y=1 



The reverse inequality holds as well, thanks to © and ([9]). Thus, ((D holds. Together, 
((U) and © imply that ||F|| L m, P ( R n) < C'||(f, P)|| L m, P ( E . E /). Thus the second bullet point in 
Proposition H]holds. This concludes the proof of Proposition HI ■ 

16. The Jet of a Near Optimal Extension II 

Recall our notation and assumptions on indexing in the text surrounding (|8|2|) . For each 
M- = M-min> • • • , l^max/ Lemma H 1 .21 provides a jet that depends linearly on (f | En9 Q» > P) and 
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satisfies 

3 a R« i (xJ) = 3 a P(xJj for every a e A (1) 

and 

U^K)k^n9QU)< (2) 
Cinf {WlK')\\^ v(En9QU) : R' e P, 3 a RH) = 3 a P(x[j for every aG^}. 

In the case that Qi is keystone, we also define R\ = P. Finally we define Ri = P and 

R ^ = K(y) fOT each y = 2 > • • • > V max- 

It is immediate that R = (Rv)^=i x € Wh(E') is Constant Along Paths, Coherent with P 
and depends linearly on (f, P). The main result of this section states that R is the jet on E' 
of a near optimal extension of (f, P). 



Lemma 16.1. Given (f, P) e L m,p (E;z), let R e Wh(E') be defined as above. Then, 

|| (f, R)||l_™.P(E;E') ^ ||(f) P)|k m .P(E;z)- 



Proof. By Proposition [3], it suffices to establish the bound 

||(f,R)||L-.P(E;E') < ||(f,P)||l™,P(E;E') (3) 

for each P = (P„)^f 6 Wh(E') that is 

Constant Along Paths: ? y = Pj^ for each v — 2, . . . , v max , and 

Coherent with P : = P and d^Ux* ) = 3 a P(x| {) for each \i = 1 , . . . , (j. max , a e A 
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Let P e Wh(E') be fixed as above. Then, we have 

^max 

ii (f , r) r~ y_ ii (f v , r y ) r + y_ ^ - R v \l 

V=l V<-»v' 

(from (|15|1|) in Proposition H]) 



<£[IK f - p v)H p + IK°lEv,Pv-Rv)|| p ] 

v=1 

+ Y_ R v - P vl v + IPv - K>\1 + \?y> " Rv'C] 

(from subadditivity of the seminorms) 
< X! 01 ( f -> p v) ll P + II (Ok, Pv - Ry) || p + IRv - Pvig + L IPv - P 

Y=1 VHV' 

(from (|8|4|) and the Good Geometry of the CZ cubes) 

"Vmax 

- ii (f, p)ir + H oi (oie.,^ - p.) r + iRv - Pvi p ] 

v=1 

(from (HSU)) 



<IKf,P)H P + £l R v-Pvl^ (4) 



y=2 



(from Pi = P = Ri and Lemma [13. ID 



Define X as the second term on the right-hand side of dU). From the fact that P and R are 
Constant Along Paths and (|8I3|) , we have 



V 



max 



x - Y- ' Rv ~~ ?y][V v ~ H. Km ~ p k(- 



v=2 v=2 

M-max 



<H £ la^Rl-PyWrC""^- ( 5 ) 

H-=l k(v)=h IP|<m— 1 

Next, we estimate the dyadic sum of lengthscales arising above. 

If is the keystone cube arising from Q v , then 5q v > c5q« and C CQ V for a large 
enough universal constant C and a small enough universal constant c. Hence, for each \x 
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and t > 0, we have 

Y_ [ 5 qJ~ T < C'(t, m, n,p) ■ £ { [6qT t :QcM n dyadic with 6 Q > c8 qS ^ and c CQ } 



< C"(t, m,n,p) |5 Q t: 
Plugging this inequality into ©, we have 



(j.=1 |p|<m— 1 p=1 



n+(|p|-m)p ^ max 



M-max 



since when Qi is keystone we have P{ = Pi = P = Ri = R 1 } by Coherence with P. (Recall 
the indexing assumption (|8|2|>.) 

Note that 9 a (R» l )(x« l ) = a a P(x}J = 9 a (Pt)(x»J for each p = p min , . . ., p max and oc e A. 
(This follows from Coherence with P.) Next, from Lemma [13. II and ©, we obtain 

M-max M-max 



M-max 



£ L IK f Uqi> P l)ll P > thanks to©. (7) 

M-=Hmin 

(The seminorms above are taken in the space L m ' p (E n 9Q^, xjj.) 

Let F e L m ' p (M n ) be arbitrary with F = f on E and J E /(F) = P. Applying Lemma E£21 with 
Q = lOQ^and a = 0.1, we deduce that ||(f| En9Q £, PjJ || < l|F|| Lm , P(10Q?ir Thus, © yields 

M-max 

X < Y" IIF|| P 

~ Z_ 11 ll L m >T'(10Qfj' 
H=l 

which is bounded by C- ||F||[ m p j Mri j, thanks to Lemma [731 Taking the infimum with respect 
to F € L m ' p (M n ) as above, we obtain X < || (f , P) || p . Thus © holds (see © and the definition 
of X that follows), which completes the proof of Lemma 116.11 ■ 
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17. The Extension Operator 



In this section we complete the proof of the Extension Theorem for (E; z). We now fix a 
sufficiently small universal constant e[A) = e, so that the results from previous sections 
hold. 

Proposition H] provides a bounded linear extension operator T : L m,p (E; E') — ) L m ' p (R n ) 
and assists O. C [L m ' p (E)]*, so that T has O-assisted bounded depth, and such that 

£_dp(u>)<C-#(E). (1) 

U)GO 

Let R G Wh(E') be as defined in the previous section. In particular, R depends linearly 
on (f , P), R is Constant Along Paths and R is Coherent with P. 

We define 

T(f,P)=T(f,R). 

Since R depends linearly on (f , P) and the map T is linear, the map T is clearly linear. Also, 
since T is an extension operator and R| = P (by Coherence of R with P), we have 

T(f,P)=T(f,R)=fonE and J z (T(f, P)) = J Xl ( T(f, R)) = Ri = P. 

Thus, T is an extension operator and we have established (El) in the statement of the 
Extension Theorem for (E, z). 

We now prove (E2). The first inequality in (E2) follows trivially from (El) and the 
definition of the trace seminorm. Thanks to Lemma \1 6 . 1 1 and the fact that T : L m ' p (E; E') — > 
L m ' p (R n ) is bounded, we have 

||T(f, P)||l_™.P(IR n ) = ||T(f, R)||]_nM>(R n ) < || (f, R) ||l™.P(E;E') ^ || (f> P) ||l"M>(E;z)' (2) 

Since also ||(f, P)||L m -p(E;z) < ||T(f, P)|| L m, P ( R n), we may replace every < with ~ in the above. 
This proves that T is bounded, and finishes the proof of (E2). 

Next we estimate the seminorm ||T(f , P) ||i_ m >p(R n ) and define M(f , P) in order to establish 
conclusion (E3). Let us define 

X:= {(v,V) e {2, . . . , v max } 2 : y f-> y' and k(v) ^ k(v')}; and 
X» :={(K(v),K(V)):( V ')el}. 



SOBOLEV EXTENSION BY LINEAR OPERATORS 83 

From (K2) in Proposition |2l we learn that 

#(2*)<#(J)<C-#(E). (3) 

Recall that E Y = E D (1 .1 )Q V and f v = f| Ev . It follows from the comment following (|2j) and 
from Proposition H] that 

^max 

v 



||T(f , P) || p m , P(Kn] ~ || (f , R) p ~ Y. I' ^> Rv) || p + ^ |R. - R 



V=1 V<-4"V' 



= £ii(fv,Rv)ir+ £ i< v) -<v)C+ £ Wm-riC w 

v=1 (v.v'JeX 2<v<v max 

(since R is Constant Along Paths). 
(Here, || (f v , R v )|| denotes the trace seminorm on L m ' p (E v ; x v ).) From (|8I3|) , we deduce that 

Y |R«-R» J p ~ V V |3 a (R» ,-R* M )(x« J| p 5r (|ahm)p 

I k(vj k(v')Iv Z Z I \ K ( y ) K(y')/ y k(v) j \ C 



= l zi aa ( R i- R i')^r A «^^ p ' 

(|x,H-')GX» a€.M 

where A a (m ^') p := £ {s£ (|a| - m)p : (v, V) G X, k(v) = H, k(V) = n'} . 

Plugging into this formula, the definition for the norm |-| v and the formula M v (f v , P v ) = 
(^^ 6 ~ v | E,{f y , P v ) | p ) 1/p that approximates the trace semi-norm || (f v , P v ) || (see (Ll-6) in sec- 
tion [10]), we have 



iiT(f , p) n p m , P(Rn) ~ y. L i *( f » R ^ i p + L L 1 9 "( R i - <' ) (4) l p ^ p 

v=i £,en: v (mn')e^ 1 

(5) 

+ £ £|3«(Rl M -Ri)(x v )| p 5- (m - |a|)p . 

2<v<v max a£A1 

Vf->1 

We record here the fact (also following from (Ll-6)), that there exist assists Cl y c [L m > p (E v )] *, 
such that 

each functional in E v has O v -assisted bounded depth, 

< C • #(E V ) and £ dp(u>) < C • #(E V ). (6) 

We now simply take 

M(f , P) p := the right-hand side of ©. (7) 
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Thus, ||T(f, P) || ~ M(f , P), which establishes (E3). 



17.1. Assisted Bounded Depth. First, we define the collection of linear functionals D. C 
[L m ' p (E)]* that satisfies (E4), (E5) and (E6). Recall that G V depends linearly on (f | En9Q » , P) 
for each [L = 1 , . . . , M-max- Since R is Coherent with P and R is Constant Along Paths, we 
have 

Ri = P, and R v = Rj (v) for each v = 2, . . . , v max . (8) 

In this subsection, and R v should be considered as V -valued linear maps on L m ' p (E, z). 
Consider the decomposition 

= RJ.+R*., where R*_ G V depends only on f | En9Q » and R* G V depends only on P. (9) 
First we define linear functionals cup )M . : L m ' p (E) — > E, for (j. = 1, . . . , [i max and (3 G by 

to Pl|i (f) = 3 p 
Therefore, dp(cup^) < #(E n 9Q{J. We define 

Qnm:={a)p^:|i = 1,...,iw, N^}c [L m > p (E)]*. 

Recall the definition of O and O v in the text surrounding ((T) and ([6]), respectively. Note 
that O v C [L m '?(E v )]* is included in [L m ' p (E)]* through the natural restriction from L m ' p (E) 
onto L m ' p (E v ). Let us define 



M 



a : = a u ( Q ci y ) u a new . (io) 

Thus, from ((1]) and ([6]), we have 



. v=1 



Y_ m^) < Y. T- +^d P (o))+^dp(ujp, 

<^#(Enl.lQ v )+ #(E) +^#(EH9Q 



which is bounded by C ■ #(E) thanks to Lemma [531 and Lemma [7Tl This proves (E4). 

Since T has O-assisted bounded depth, there exists a universal constant r G N such that, 
for each point x G R n there exist assists cui , . . . , cu T G O, polynomials P 1 , . . . , P r G "P and a 
linear map A : L m ' p (E; E') — > V with dp (A) < r, such that 

J x [T(f, P)] = J x [?(f, R)l = a)! (f jP 1 + • • • + u> T (f )P r + A(f, R). (11) 
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Thanks to ©, (0), and a change of basis, we obtain 

J x [T(f, P)] = Wl (f)P 1 + • • • + co T (f )P T + A , P, (rJ + Rj) ^ , 

where dp(A) < C ■ dp(A) < C • r. Thus, by placing aside those terms from A that depend 
on R^ (which depends solely on f ), we have 

T x [T(f, P)] = to, (f)P 1 + • ■ • + tu r (f)P r + cu r+1 (f)P r+1 + • • • + o) T+s (f)P r+s + A(f, P), 

where cu r+1 , . . . , cu r+s G n new , P r+1 , . . . , P r+S G "P are independent of (f , P), and s < C ■ r, 
dp (A) < dp (A) < C ■ r. Thus, T has O-assisted bounded depth, which establishes (E5). 

Finally, we define E C [L m ' p (E;z)]* as 

E = {linear functionals arising on the right-hand side of (0, counted with repetition}. 

By "counted with repetition," we mean that if some linear functional £, : L m ' p (E;z) — > R 
appears t times on the right-hand side of (0, then we include t 1//p £, in E. 

From the definition of M in 0, we find that 

i/P 



M(f,p) = ^ie(f,p)i p j 



Thus, (E6c) holds. 

From ©,© and the Good Geometry of the CZ cubes, we have 

^max ^max 

#(E) < Y_ #(=v) + C • + C • #{1 < v < v max :vh1}<C'£ #(E V ) + C ■ #(E), 

v=1 v=1 

which is controlled by C" ■ #(E), thanks to Lemma l53l Thus, (E6b) holds. 

One verifies that each functional £, G E (appearing on the right-hand side of ©) has 
O-assisted bounded depth using ©, © and (fTO) . Thus, (E6a) holds. 

We have completed the induction step indicated in section|3l thus completing the proof 
of the Main Lemma for all labels A. Taking A = 0, we obtain the Extension Theorem for 
(E, z] whenever E C l u is finite. 

18. Proofs of the Main Theorems for Finite E 

Let E c Pbea finite subset with cardinality #(E) = N. Pick z G R n \E that satisfies 
d(z, E) < 1. The Extension Theorem for (E,z) produces (T, M, Q, E) that satisfy (El-6). 
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Thus, T is a bounded extension operator: 

T(f, P) = f on E and J z (T(f, P)) = P; and (la) 
||T(f,P)|| L m, P(R n ) ~ || (f, P)|| L ™.p{E;z) for any data (f,P). (lb) 

We also have a formula 



M(f, p) : = (v m n v \ with < c • #(e 



(2) 



such that 

||(f,P)|| L -.p(E^^M(f,P). (3) 

Moreover, T and the functionals in E have Q-assisted bounded depth, while the assists D. 
satisfy 

^dp(cu)<C-#(E). (4) 

tuen 

18.1. Theorems 1, 2 and 3 for finite sets. By definition of the trace seminorm, we have 

||f||im.p(E) = inf{|| (f,P)||im.T>CEri : p eP}- (5) 

We use Lemma lll.ll to choose R e V depending linearly on f, with 

M(f, R) < C ■ inf{M(f, P):Pe?}. 

Define M(f) := M(f, R) and T(f) := T(f, R). Since T is an extension operator we have 
T(f ) = T(f , R) = f on E. Therefore, T is an extension operator. From ([3]) and (0, we have 

M(f) ~ ||f|| L nwp (E) . (6) 

Moreover, 

||T(f)||L™.P(R-) = ||T(f,R)|| L m, T , (K n ) ^ M(f,R) = M(f) ~ 1 1 f 1 1 L m,p (E) , 

which completes the proof of Theorem [U 

We now define the collections of linear functionals 

a:-nu{fH3 a [R(f)](z) : aG M}\ and 

E := {linear functionals f i— > £,(f, R(f)) with £, e E, counted with repetition}. 

(For the definition of "counted with repetition," see the proof of (E6c) in the preceding 
section.) 
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From ©, we have < #(E) < CN, and also 

M(f) = M(f,R)= ^XjW 

Together with ([6]), this yields the conclusion of Theorem |2l 

By standard arguments (e.g., see the previous section), the extension operator T and the 
linear functionals belonging to E have H-assisted bounded depth. Since D. consists of the 
assists CI along with #(.M) = D (possibly) new linear functionals, it follows that 

Y_ dp(cv) < Y_ dp(cu) + D ■ #(E) < C ■ #(E), 
which proves Theorem [3] ■ 




18.2. Inhomogeneous Sobolev Spaces. Denote W m p (E) for the space of real-valued func- 
tions on some finite subset E c IR n , equipped with the norm 

||f ||w m -P(E) ; — i n f{||l"||w m 'P(R n ) : F — f on E}. 

Here, we consider a variant of the problem solved in the previous section. 

W m -P(IR n ) Extension Problem: Let f : E -> R be defined on a finite subset E C R n . Find 
G G W m ' p (R n ) that depends linearly on f, with G| E = f and ||G|| W m .p(R n ) < C||f ||w m .p(E)- 

We solve this problem, thereby proving the analogue of Theorem 1 for W m ' p and finite 
E. The obvious analogues of Theorems 2,3 for W m ' p also hold; we leave their consideration 
to the reader. 

Let Q\ Q 2 , ... be a tiling of R n by unit cubes. If P e W m ' p (1.3Q l ) is a near optimal 
extension of f Ieoliq 1 f° r each i = 1 , 2, . . . , it is easy to verify that 

CO 

G = Y_ e W m,1 '(R n ) is a near optimal extension of f, where 

i=i 

9 1 , 2 , . . . form a smooth partition of unity on IR n , with 9 1 supported on 1 .1 Q\ 

Thus, we may assume that E c (0.9) Q for some cube with sidelength Sq ~ 1, and solve 
for an F that depends linearly on f, such that F = f on E and ||F||w m .p(Q) is nearly minimal. 
If we could do this, we could take the F 1 to depend linearly on f, and ultimately we could 
take G to depend linearly on f . 
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Fix some z G 0.9Q with < d(z, E) < 1. We use the linear operator T : L m ' p (E;z) — > 
L m, P ^ K n^ that satisfies ^ an d (Fjg Let PeP be arbitrary. By the Sobolev inequality and 
([la]), we have 

IITff P)ll p < IITff P)ll p 4- V l3 a Pfzll p 

II 1 U> r J II W m .P(Q) ~ II v ' J II L m >P(R n ) ' / 1 r l A JI 

|a|<m— 1 

- IKf,P)ll^ P (E;z)+ L l 9ap WI P (thanks to Gb])). (7) 



|a|<m— 1 

On the other hand, let H G W m ' p (Q) be arbitrary with H = f on E and J Z H = P. Choose 
9 G Cg°(Q) with 9 = 1 on a neighborhood of E U {z}, and |3 a 9| < 1 when |a| < m. 
Therefore, 9H G W^R 71 ) satisfies 

9H = f on E, J Z (9H) = P, and ||9H|| W m, P(R n) < ||H|| W m,p (Q) . 

Thus, by definition of the trace seminorm and the Sobolev inequality, we have 

IK f > P )llL^(E;z)+ Y. I 9 ^^!" ~ H 0H llw^(Rn) < I|H||Up(Q)- ( 8 ) 

a|<m— 1 

Thus, T(f, P) G W m ' p (Q) is a near optimal extension of (f, P). Moreover, from (0/© and 
©,©, we have 

iiT(f,p)ii^, P(Q) ^ii(f,p)ir Lm , P(E;z) + y. i3 ap Mi p ^l>(f,p)i p + L i3 a P(z)i p . 

a|<m— 1 £,G3 |a|<m— 1 

Choose a polynomial R G "P that depends linearly on f, for which P = R minimizes the 
right-hand side above to within a universal constant factor. (This is possible thanks to 
Lemma Fll.ll ) Thus, T(f, R) G W m ' p (Q) is a near optimal extension of f. This also yields a 
solution to the W m ' p (R n ) extension problem, as mentioned before. 

19. Passage to Infinite E 

In this section, we deduce Theorem 1 from the known case of finite E. Our plan is as 
follows. 

Let E c l n be infinite. Pick a countable subset 



E° = {x , X] , x 2 , . . .} C E, whose closure contains E. 
For each N > 0, define 



(1) 
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E N ={xo,Xi,...,x N }. (2) 

The known case of Theorem 1 produces a linear map T N : L m,p (E N ) — > L m ' p (IR n ), such 
that 

T N f = f on E N (3) 

and 

||T N f || L m,p( K n] < C||f|| L m,p(£ N ] (4) 

for allf G L m 'P(E N ). 

We hope to pass from T N to T by taking a Banach limit as N — > oo. Recall that a Banach 
limit is a linear map that carries an arbitrary bounded sequence (t N ) N > of real numbers 
to a real number denoted Blimt N ; the defining properties of a Banach limit are 

N— >oo 

BlimtN = lim tN whenever lim t>j exists, and (5) 

N— >oo N— >oo N— >oo 

| Blim tN | < lim sup |tN I . (6) 

The existence of Banach limits is immediate from the Hahn-Banach theorem. See [6]. 
Thus, for f G L m,p (E), we hope to define 

Tf (x) := Blim [T N (f | En ) (x)] for xeR n (7) 

N— >oo 

and then prove that T is an extension operator as in Theorem 1. 

Unfortunately without further ideas, the above plan is doomed. For instance, suppose 
E c {Po = 0} for some polynomial Po G V. If T N is an extension operator for L m ' p (En), then 
so is 

T*f(x) := T N f(x) + ^ N f(x )P (x) (x G M n ), 

where xo is as in (d), and |J-n is any real number. In fact, © and dU hold for the T^, with 
the same constant as for T N . 

Since the sequence (m-n)n>o is arbitrary, there is no way to guarantee that the sequence 
(Tn (f Ie n ) (x) )n>o will be bounded for fixed x. Consequently, we cannot guarantee that the 
Banach limit © exists. This problem arises because L m ' p (IR n ) carries a seminorm, not a 
norm. 

To overcome this difficulty, we normalize the extension operators T N as follows. Among 
all finite subsets ScE, we pick So to minimize the dimension of the vector space V[S) = 
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{P G V : P = on S}. Such an S exists, since any non-empty set of non-negative integers 
has a minimum. 

For any y G E, the subspace V{S U {y}) C P(So) has dimension no less than that of 
V[S ). Therefore, V{S U {y}) = V{S ). That is, any V eV that vanishes on S must also 
vanish at y. Thus, 

S C E is finite (8) 

and 

Any polynomial P G V that vanishes on So must also vanish on E. (9) 

Let So = hjo, y i , . . . , Ul}- Without loss of generality, we may pick our x , xi , . . . in (Q} so 
that xi = xjt for t = 0, . . . , L. Therefore, 

So C E N for all N > L. (10) 
We pick any projection 7t : V — > V[So). We will establish the following results. 

Lemma 19.1. For N > L, extension operators T N m ©,((4]) can be picked to satisfy the addi- 
tional condition 

Ttojxo [T N fl = for all f G L m ' p (E N ), with x as m ©. (11) 

Lemma 19.2. Suppose that T N satisfy ((TT) /or N > L. Then, for any f G L m ' p (E) and for every 
cube Q, the functions T n (t| En ) are bounded in W m ' p (Q). 

If the T N satisfy ((TT) then [T N (f| EN )(x)] N>0 is thus a bounded sequence for each fixed 
x G M n and f G L m,p (E). Therefore, the Banach limit in (0 is well-defined. Clearly, T is 
a linear map, taking functions f G W m,p (E) to functions Tf defined on IR n . Moreover, for 
each k > 0, we have 

Tf (x k ) = Blim T N (f | E ) (x k ) = f (x k ) with x k as in ©, 

N— >oo 

simply because x k G E N for N > k, hence T N (f| EN )(x k ) = f(x k ) for N > k; see © and ©. 
Thus, 

Tf = f on E° for any f G L m ' p (R n ), with E° C E as in ©. (12) 
We do not yet know that Tf G L m ' p (IR n ). Therefore, we prove the following result. 
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Lemma 19.3. Let Q cW 1 be a cube, and /ei F , Fj , . . .be a bounded sequence in W 1TL ' P (Q). Then 
the function F, defined by 

F(%) = BlimF N (x) (xGQ) (13) 

N— >oo 

belongs to W m ' p (Q), and we have 

||F||L m .p(Q) < limsup ||Fn ||]_m,p(Q). 

We apply the above lemma to F N = T N (f| EN ) for f G L m ' p (E). Then F = Tf is given by 
((T3~)) . Since ||(f|E N )||L m P(E N ) < ||f |k m .p(E)/ estimate HJ) and Lemmas 119.21 119.31 together imply 
that Tf belongs to L m ' p (Q) for any cube Q, and moreover 

||Tf ||l_ m 'P(Q] < C||f 1 1 T_" X 'P (E) • 

Here we assume the T N satisfy (|TT|). Since Q c IR n is an arbitrary cube, it follows that 
Tf G L m ' p (M n ), and that 

||Tf||Lm.p(Rn) < C||f || L m, P(E) for all f G L m ' p (E). (14) 
Also, since the subset F° in is dense in F, we conclude from (fi~2l) that 



Tf = f on E, for all f G L m ' p (E) . (15) 



Thus, our extension operator T maps L m ' p (E) to L m ' p (IR n ) and satisfies (|14|), (|15|). We there- 
fore obtain Theorem [1} once we have Lemmas 119.11 H9^2l 119.31 



19.1. Proof of LemmaEGy] To prove Lemma H9H let T N : L m - P (E N ) -» L m ' p (M n ) satisfy © 
and ®. For f G L m ' p (E N ), define 

T N f = T N f - 7t J Xo (T N f) G L m *(R n ) since 7i J Xo (T N f) G V. 

Note that 7r J Xo (T N f) = 7i [J Xo (T N f) — 7t J Xo (T N f)] = 0, where we have used the fact that 
Jx (T N f ) G V (and the fact that 7Tq = 7r ). Also, since 7t J Xo (T N f ) G V, we have ||7t J Xo (T N f ) || L m, P 
0, hence 

||T N f|| L m,p( R u) = ||T N f IlLm.p^nj < C||f|| L m.p(E N ) by®. 

Finally, since 7r J Xo (T N f ) G "P(So), we have 7t J Xo (T N f ) = on So, hence also on E, by (0). 
Therefore, 

Tjsjf = f on E, by©. 
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Thus, T N : L m >P(E N ) -> L m 'P(M n ) is a linear map that satisfies ©, ® and CLQ). The proof of 
Lemma [19.1| is complete. 



19.2. Proof of Lemma 119.21 To establish Lemma 119.21 we use the following result. 

Lemma 19.4. For any cube Q containing x there exist constants Ai (Q), A 2 (Q) > swc/t f/?a£ 
/or flZZ F £ W m,p (Q) wzf/t 7r J Xo (F) = 0, we have the estimate 



Y_ |3 a H*o)l< A,(Q) 



a|<ra— 1 



and therefore 



Q ) < A 2 (Q) 



| L m, P(Q) + max|F(-y)| 

y€S 



|F|| L m, P( Q) + max|F(-y)| 

y€S 



(16) 



(17) 



Proof. Fix a cube Q containing x , and suppose (|T6|) fails. Then there exists a sequence of 
functions F N £ W m ' p (Q) (N > 0) such that 



and 



but 



Y_ |3 a F N (x )| = l 

|a|<m-1 

ttoIxoI^n) = 



~N||L m >P(Q) 



as N — > oo and 



max |F N (y)| — > as N — > oo. 

yes 



(18) 

(19) 

(20) 
(21) 



By Crg]), ((201), the functions F N are bounded in W m '?(Q), hence in C m_1 ' s (Q) with s = 
1 — n/p £ (0, 1 ). By Ascoli's theorem, a subsequence of the (F N ) converges in C m_1 (Q) to 
a function F £ C m_1 ' s (Q). From (fl~8)) - ((21~]) , we obtain the following properties of F: 



Y_ |3 a F(x )| = 1; 

|a|<m-l 

7toJx (F) =0; 



(22) 



(23) 



|F||^ m _,, s(Q) < limsup ||l r N||c™-i > s(Q) < Climsup ||F N || L m,p ( Q ) = 0; and (24) 

N— >oo N— >oo 



F = on S . 



(25) 



From (|24|) we see that F is a polynomial, F £ V. By (|25|) , we have F £ "P(So), hence 
TtoJxo (F) = TtoF = F. Therefore, F = by <(23]). This contradicts d22]). 



SOBOLEV EXTENSION BY LINEAR OPERATORS 93 

The above contradiction shows that (pT6]> cannot fail. Conclusion ((17[) follows at once 
from ((16)) and the Sobolev inequality. The proof of Lemma 119.41 is complete. ■ 

To prove Lemma 119.21 we fix a cube Q C M n . Without loss of generality, we may 
suppose that Q contains x . 

For fixed f G L m '? (E), and for any N > L, we apply LemmaQjLlto F N = T N (f | En ). Note 
that F N G W m ' p (Q), and 7t J Xo (F N ) = by ([IT]). Hence, Lemma [T9T41 applies, and we learn 
that 

||F N ||w m .p(Q) < A 2 (Q) 
On the other hand |4j) yields the estimates 

||F N || L m,p(Q) < ||Fim||li"-.P()R'i-) < C||(f|E N )||Lm,p(E N ) < C||f||[m,T>(E). (27) 

Also, since S C F N , (O yields F N = f | En on S , i.e., 

F N = f on S . (28) 



|Fn||l^.p(q) +max|F N (y)| 



(26) 



Putting (O and d28]) into (HD, we find that 



"N ||W m .P( 



Q ) < CA 2 (Q) 



| L m, P(E) +max|f(-y)| 



for N > L. 



Therefore, the functions F , F] , F 2 , . . . form a bounded subset of W m,p (Q), completing the 
proof of Lemma [19.21 

19.3. Proof of Lemma [l9.31 The proof of Lemma [19.31 uses the following simple observa- 
tion. As before, we take s = 1 — n/p G (0, 1 ). 

Lemma 19.5. Let A > be a constant, and let Q cM. n be a cube. 

For each multi-index <x of order |a| < m — 1, let f (a) be a function on Q. Assume the following 
estimates. 

n 

|f (a) (x + h) -f (a) (x) < A|H| 1+S (29) 

for |a| < m — 2, x G Q, h = (hi, . . . , h n ), x + H G Q. 
| f (a) W _f(«)(y)| < A|x-u| s for |a| < m-1, x,y,G Q. (30) 

(Here, lj denotes the j th unit multi-index, so that 3 1 ' = ^ J 

T/zen f (0) G C^'^Q),^ f (a) = 3 a f (0] on Q for each oc of order |a| < m- 1. 
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Proof. Hypotheses dUt© show that, for |<x| < m - 2, the function f (a) belongs to C 1 (Q), 
and 3 x .f (a) = f( K+1 i). Thus, f (0) G C m - ] {Q) and 3 a f (0) = f (a) for |a| < m-1. Hypothesis 
(130) now shows that the derivatives of f^ ' up to order m — 1 are Lipschitz-s. Hence, 
f (oj e C m-i, S (Q^ com pi e ting the proof of Lemma IT93I ■ 



Proof of Lemma 129.31 Let Q, F , Fi , . . . , F be as in the hypotheses of Lemma 119.31 For 
|a| < m- 1, N > 0,let 



9 a F N g C 



m— 1— lal.s 



(Q). 



Since the F N are bounded in W m ' p (Q), the following estimates hold for some constant 



A. 



lC J (x)|<A forxeQ. 



|1+s 



\¥ l «\x + h) -F^(x) -^^\x)^\ < AIKI 1 

for |a| < ra — 2, x G Q, H = (hi, . . . , hn.), x + h g Q. 
|F^ (x) - (y ) | < A|x - y | s f or | a| < m - 1 , x, y G Q. 



(31) 
(32) 

(33) 



(34) 



Thanks to (pi)) , the Banach limit 

¥ {a] [x) =BlimF' a) W (xgQ) 

N— >oo 

is well-defined. Note that 

F' ' (x) = Blim Fn (x) = F(x), with F as in the statement of Lemma 119.31 (35) 



N— >oo 



Applying ©, we may pass to the Banach limit and deduce from (f3T]) , (j32l) , ((33)) for F^ the 
corresponding estimates for the F' a1 . Lemma [19.51 now shows that F = F' ' G C m_1 ' s (Q), 
and that 3 a F = F (a) for each |a| < m — 1 . 

Hence, to prove that F G W m ' p (Q), and that ||F||i_"m>(qj < limsup^^ ||F n || l ^,p(q), it is 
enough to prove that 



3 X cp ■ F ta) dx 



Q 



< limsup ||F N || L m,p (Q) • ||(p|| L p' (Q) 

N— >oo 



(36) 
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for any test function cp £ Cg°(Q) and any |ct| = m — 1, j £ {1, . . . , n}. Here, p' is the dual 
exponent to p, and we use the definition of the L m ' p -seminorm : 



| P||?m,p (oi max 
lvdJ a|=m 



|a a F(x)pdx. 



Thus, Lemma 119.31 reduces to the task of proving ((361) ror an y given cp £ Cq°(Q), 
|a| = ra — 1, j £ {1 , . . . , n}. Fix such (p, a, j, and let M. be any real number greater than 

limsupN^ ||F N || L m,p (Q) . 

For N large enough we have ||F N || L m,p ( Qj < M, hence 



9 X . (p ■ F N a dx 



< M||cp|| LP . 



(Q) 



(37) 



since Fi 



3°T> 



We will derive (|36)> by passing to the Banach limit in (f37) . To do so, we simply approxi- 
mate the integrals in ((36)) ,(|37 )) by Riemann sums. 

We know that 

|F^(x)-F^(u)|< A|x-y| s and \¥ M (x) - ¥ M (y)\ < A\x - y\ s (38) 

for x, y £ Q, with A independent of N. 

Let 6 > be a small number (later, we will take 6 — > + ); let {Q v }be a partition of Q into 
subcubes with center(Q v ) = Zy, and with sidelength 5q v < 6. Then (|3~Tj) and (|38)> together 
imply the estimates 



v=1 



and 



< CA6 S • S£ 



< CA6 S • 6£, 



3 Xj cp ■ F w dx- Y_ 9x,<p(Zv) • F (a) (zv) ■ 6^ 

v=1 

with C independent of N. 

In particular, (|39)> shows that the sequence ^ J Q 3 Xj cp • F^ a) dxj is bounded. 



(39) 



(40) 
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Since F (a) (z v ) = BHitln^oo F^ (Zy) for each v, property © of the Banach limit, together 
with ((391), implies that 



Blim 

N— >oo 



3 X cp • F^ a) dx 



^3x,<p(Zv)-F w (Zv)-6^ 



< CA5 S • 5} 



(In (|4l|), the Banach limit in square brackets in well-defined, thanks to ([37]).) 



Comparing (|40|) and (|4Tj), we see that 



3 x .cp -F (a) dx 



Blim 

N— >oo 



3 x .cp • Fj^'dx 



< 2CA5 S ■ 5£. 



Since 5 > is arbitrarily small, we conclude that 

3 x .(p-F (a) dx = Blim 



N— >oo 



3 Xj cp ■ F^ a) dx. 



From ((371) , ((42|) and property ([6]) of the Banach limit, we obtain the estimate 



(41) 



(42) 



3 x .cp-F (oc) dx 



< M||cp| 



LP'(Q)- 



(43) 



This implies the desired estimate (|36|) , since M in (|43l> is an arbitrary real number greater 
thanlimsupN^ ||F N || L m, P(Q) . 

We reduced the proof of Lemma [19.31 to ((361) , an d we have now proven (|36|) . This com- 
pletes the proof of Lemma |19.3[ and with it, the proof of Theorem [TJ 



19.4. Epilogue. Given EcM n (possibly infinite), we can also "construct" a linear exten- 
sion operator T : W m ' p (F) — > W m ' p (R n ) by applying the case of finite F and passing to a 
Banach limit. This exercise is a much easier version of the argument we just explained for 
L m ' p . Since || • ||w m -p(R n ) is a norm (rather than a seminorm), the pitfalls that we worked to 
avoid will no longer arise. We leave the details to the reader. 

By using a Banach limit, we have sacrificed all knowledge of the structure of our linear 
extension operator T. It would be very interesting to gain some understanding of that 
structure. Such an understanding is achieved for the C m case in IfTTH, and for the deeper 
case of C m ' s and related spaces in Ifl8| . 
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